
COMPLETE INTERSECTION CURVES IN Pn OF GENUS ONE HAVE

SOLVABLE POINTS

EOIN MACKALL

Abstract. We show that any geometrically irreducible and smooth curve of genus one that can
be realized as a complete intersection in some projective space has a rational point over a solvable
Galois extension of the base field.

1. Introduction

A variety X defined over a field k is said to have solvable points if there is a solvable Galois field
extension F/k satisfying either of the following two equivalent conditions: XF has a point whose
residue field is F , there exists an F -point X(F ) 6= ∅. For an arbitrary variety X, the existence of
solvable points on X is equivalent to the existence of a curve C ⊂ X such that C has a solvable
point.

In [P0́4], Pál shows that a smooth, proper, and geometrically irreducible curve C of genus 0, 2, 3
and 4 has a solvable point; in [P0́4] it’s also shown that there are curves of large genus that have
no solvable points. For the cases of curves C of low genus g ≤ 4 where one can show that C has a
solvable point, the proof reduces to studying either the complete linear system of the anticanonical
bundle of C, when g = 0, or studying the complete linear system of the canonical canonical bundle
of C, when g > 1. When g < 4, a general hyperplane section gives a point whose residue field F
is separable over the base field of degree d ≤ |2g − 2|; the embedding of F into a Galois closure is
then a solvable point for C.

For geometrically irreducible, proper and smooth curves of genus one the same argument fails
in more than one way. First, in this case the canonical bundle is trivial, so one doesn’t have an
obvious embedding into projective space to work with. Second, the index of such a curve can be
any arbitrary positive integer [Cla06], so one can’t use the solvability of groups of small order when
constructing solvable points on these curves.

There are two cases where solvable points on a (smooth, proper, geometrically irreducible) curve
C of genus one have been shown to exist. The first appeared in [cW08] where it’s shown that if C
is defined over Q, if C has Qp points for every p-adic field, and if the Jacobian of C is semistable,

then C has a solvable point. The other case is given in [P1́3b] (see also [P1́3a]) for curves defined
over a field complete with respect to a discrete valuation whose residue field is of characteristic
p > 0.

In this note, we show that a (smooth, proper, geometrically irreducible) curve of genus one has
solvable points if this curve can be realized as a complete intersection in some projective space,
Theorem 3.4. The proof is essentially this: such curves are either plane cubics or intersections of
quadric surfaces; in either case, the degree of the curve is small so a sufficiently general projection
to P1 has degree 4 or less; the residue field of most fibers of these projections have Galois closures
that are solvable. The main difficulty of the proof is in making it rigorous.
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Section 2 is for recollections. There we clarify which geometric results we use and why they hold
over an infinite, not necessarily algebraically closed, field. One novel aspect of this section is the
proof of Lemma 2.5 which, to the author’s knowledge is new.

Section 3 contains the main theorem, Theorem 3.4. For the proof of the theorem, we use a
lemma (Lemma 3.1) that provides a uniform proof for all of the individual cases of curves of small
genus where its known solvable points exist from [P0́4]. It’s clear that the lemma can be used in a
number of other cases but, we don’t give any examples aside from Theorem 3.4.

Notation and Conventions. We assume throughout this note that k is an arbitrary infinite field
and we let k be a fixed choice of algebraic closure for k.
A k-variety is a separated scheme of finite type over k.
A curve is a proper k-variety of dimension 1.
The genus of a curve is the arithmetic genus.

2. Preliminaries

The purpose of this section is to both establish terminology and collect some results that will
be used in Section 3; we do this primarily to clarify which of these results hold over an arbitrary
infinite field k. There are two parts to this section: the first part deals with the degree of a variety,
the second part deals with complete intersections.

Definition 2.1. Let X ⊂ Pn be a closed subvariety of pure codimension r. Let OX(1) denote the
pullback of O(1) to X under this embedding. The Hilbert polynomial of X, with respect to this
embedding, is the uniquely determined polynomial that can be defined as the Euler characteristic

pX(m) = χ(X,OX(m))

with varying m. The degree of X, denoted deg(X), is defined to be coefficient of the leading term
of pX(m) divided by (n− r)!.

This definition of the degree is standard in many places; it also has some familiar properties that
will be useful, e.g. if X = V+(f) is the vanishing of a polynomial f of degree d, then deg(X) = d.

Lemma 2.2. Suppose that C ⊂ Pn is a geometrically irreducible smooth curve and n ≥ 3. Then
C is birational to a plane curve C ′ ⊂ P2 with deg(C) = deg(C ′).

Proof. By [Har77, Chpater IV, Proof of Proposition 3.5] when n > 3, and by [Har77, Chapter IV,
Proof of Theorem 3.10] when n = 3, there is a closed subvariety V ⊂ Pn

k
of dimension strictly

smaller than n and containing Ck such that, for any closed point p in the complement Pn
k
\ V , the

projection from p, i.e. the rational map

πp : Pn
k
\ p 99K Pn−1

k
,

defines a birational equivalence between Ck and its image πp(Ck). Consider the composition

V ⊂ Pn
k
→ Pnk

of the inclusion and the projection from k to k and let W denote its image. Since k is infinite,
Pnk \W contains a k-rational point, say q. The projection from q is a rational map

πq : Pnk \ q → Pn−1k

with the property that πq|C : C → πq(C) = C ′ is well-defined morphism that induces a birational

equivalence over k so, by faithfully flat descent, one finds that πq|C : C → C ′ is also a birational
equivalence over k.
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To see that C and C ′ have the same degree, we’ll show that their Hilbert polynomials differ by
a constant. Since πq|C is dominant, it defines an exact sequence

0→ OC′ → (πq|C)∗OC → Q→ 0

where the leftmost nonzero arrow is defined by the morphism from C to C ′ and Q is the cokernel.
The sheaf Q is coherent, since πq|C is proper, and supported on a finite number of closed points,
since πq|C induces a birational equivalence between C,C ′. Since tensoring by OC′(m) is exact and
Euler characteristics are additive one has

(E) χ(C ′,OC′(m)) + χ(C ′,Q(m)) = χ(C ′, (πq|C)∗OC ⊗OC′(m)).

The left side of this equality is just the Hilbert polynomial pC′(m) + e of C ′ shifted by a constant
e = χ(C ′,Q(m)). The proof will be completed if we can show that the right side of this equality is
the Hilbert polynomial pC(m) of C.

Note that there is a commuting diagram of inclusions:

Pn \ q Pn

C

σ

φ1φ2

giving an equality
OC(1) = φ∗1O(1) = φ∗2σ

∗O(1).

By definition, one has π∗qO(1) = σ∗O(1) so that there is an equality OC(1) = φ∗2π
∗
qO(1). The

following diagram is commutative as well, with vertical inclusions,

Pn \ q Pn−1

C C ′

πq

φ2

πq |C

φ3

from which it follows
(πq|C)∗OC′(1) = (πq|C)∗φ∗3O(1) = OC(1).

Finally, applying the projection formula to (πq|C)∗OC ⊗OC′(m), one gets

(πq|C)∗OC ⊗OC′(m) = (πq|C)∗(OC ⊗ (πq|C)∗OC′(m))

= (πq|C)∗(OC ⊗OC(m))

= (πq|C)∗(OC(m)).

Substituting this expression into the right side of (E) yields

χ(C ′, (πq|C)∗OC ⊗OC′(m)) = χ(C ′, (πq|C)∗(OC(m)) = χ(C,OC(m)) = pC(m)

which completes the proof by the remarks above. �

With this out of the way, we turn to recollections on complete intersections.

Definition 2.3. A closed subvariety X in Pn = Proj(k[x0, ..., xn]) is called a complete intersection
if X has pure codimension r and X = V+(f1, ..., fr) is the vanishing locus of r homogeneous
polynomials f1, ..., fr that form a regular sequence in k[x0, ..., xn].

For the applications of Section 3, we’ll need two results. These results are Corollary 2.7 and
Corollary 2.8 below. The first of these results classifies all complete intersection curves that have
genus one. The second result determines the degrees of the complete intersection curves in each
case. Before turning to the proofs of these corollaries, we first recall some well-known structure
theorems on complete intersections (Lemma 2.4 and Lemma 2.5 below).
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Lemma 2.4. Let X be a subvariety of Pn that can be realized as a complete intersection X =
V+(f1, ..., fr) with f1, ..., fr having degrees d1, ..., dr respectively. Then deg(X) = d1 · · · dr.

Proof. We go by induction, the case r = 1 being obvious. In the general case, we let Y =
V+(f1, ..., fr−1) and note that our induction hypothesis shows deg(Y ) = d1 · · · dr−1. Let π : X → Y ,
φY : Y → Pn and φX → Pn be the canonical inclusions, so φY ◦ π = φX . Then there is a short
exact sequence

0→ OY (−dr)→ OY → π∗OX → 0.

By additivity of the Euler characteristic, we find

χ(Y,OY (m)) = χ(Y,OY (m− dr)) + χ(Y, π∗OX).

Using the projection formula one finds

π∗OX ⊗OY (m) = π∗(OX ⊗ π∗φ∗YO(m)) = π∗(OX ⊗ φ∗XO(m)) = π∗(OX(m)).

Hence there is a relation of Hilbert polynomials,

pY (m) = pY (m− dr) + pX(m)

which gives the result by solving explicitly for pX(m) and using Definition 2.1. �

The next lemma, to the author’s knowledge, is new. Note that, when using a different definition
for complete intersection, the result was known [Har77, Chapter 2, exercise 8.4] in the case of an
intersection of smooth hypersurfaces in Pn by using the adjunction formula. Using our definition
(Definition 2.3), equation (1) was shown in [AS98] but, the relation to equation (2) was absent.

Intuitively, after one knows that equation (1) below holds, one can show that equations (1) and
(2) are the same by exhibiting complete intersections whose genus can be calculated using the
adjunction formula. The proof given here is combinatorial, and doesn’t rely on this intuition.

Lemma 2.5. Suppose C is a curve in Pn, for some n ≥ 2, that can be realized as a complete
intersection C = V+(f1, ..., fn−1) with f1, ..., fn−1 homogeneous polynomials of degrees d1, ..., dn−1
respectively. Then the following formulas hold for g:

g =
n−1∑
i=1

(−1)i+n−1

( ∑
a1<···<ai

(
da1 + · · ·+ dai − 1

da1 + · · ·+ dai − n− 1

))
(1)

g = 1 +
1

2
(d1 + · · ·+ dn−1 − n− 1) d1 · · · dn−1.(2)

Proof. To see (1), we work in the Grothendieck ring K(Pn) of coherent sheaves on Pn. Denote by
π : Pn → Spec(k) the structure map. For any coherent sheaf F , the pushforward π∗ is uniquely
determined by the rule

π∗([F ]) =
∑
i≥0

(−1)i[Hi(Pn,F)].

Identifying K(Spec(k)) with Z by the dimension map, the right side of the equation above can be
identified with the Euler characteristic χ(Pn,F) of F .

Since Hi(Pn,OC) = Hi(C,OC) for every i ≥ 0, the genus of C is related to π∗([OC ]) by

(A) 1− g = χ(C,OC) = χ(Pn,OC) = π∗([OC ]).

We’re going to find another expression for π∗([OC ]) and relate it to the one above. Since C is a
complete intersection, the Koszul complex

0→
∧n−1

E → · · · → E → OPn → OC → 0
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with E = O(−d1) ⊕ · · · ⊕ O(−dn−1) gives a resolution of OC . Hence there is an equality [OC ] =∑
i≥0(−1)i[

∧iE] in K(Pn). By substituting, we find

(B) π∗([OC ]) = π∗

∑
i≥0

(−1)i[
∧i

E]

 = 1 +
∑
i≥1

(−1)iχ(Pn,
∧i

E).

And, for any fixed i ≥ 1, the Euler characteristic of
∧iE is computable,

(C) χ(Pn,
∧i

E) = (−1)n
∑

a1<···<ai

(
da1 + · · ·+ dai − 1

da1 + · · ·+ dai − n− 1

)
,

where the index runs over all integers a1, ..., ai with 1 ≤ a1 < · · · < ai ≤ n− 1. Together (A), (B),
and (C) give (1).

Now we turn to proving (2). Let gn(d1, ..., dn−1) be the polynomial of Q[d1, ..., dn−1] on the right
side of the equality in (1). By Lemma 2.6 below, we have that

gn(d1, ..., dn−1) = 1 + d1 · · · dn−1hn(d1, ..., dn−1)

for a linear polynomial

hn(d1, ..., dn−1) = a1d1 + · · ·+ an−1dn−1 + c.

Note that, when n = 2, the equation from (1) becomes

g2(d1) =

(
d1 − 1

d1 − 3

)
=

(d1 − 1)(d1 − 2)

2
= 1 +

1

2
(d1 − 3)d1.

Hence, when n ≥ 3, one finds

g2(di) = gn(1, ..., di, ..., 1) = 1 + dihn(1, ..., di, ..., 1)

by setting dj = 1 for all j 6= i. It follows that ai = 1/2 for all 1 ≤ i ≤ n− 1. Finally, one can solve
for c using the relation 0 = gn(1, ..., 1) where di = 1 for all 1 ≤ i ≤ n− 1. �

Lemma 2.6. For any n ≥ 2, let gn(d1, ..., dn−1) be the polynomial of Q[d1, ..., dn−1] defined by

gn(d1, ..., dn−1) =

n−1∑
i=1

(−1)i+n−1

( ∑
a1<···<ai

(
da1 + · · ·+ dai − 1

da1 + · · ·+ dai − n− 1

))
.

Then
gn(d1, ..., dn−1) = 1 + d1 · · · dn−1hn(d1, ..., dn−1)

for a polynomial hn(d1, ..., dn−1) of Q[d1, ..., dn−1] with

hn(d1, ..., dn−1) = a1d1 + · · ·+ an−1dn−1 + c

for some rational numbers a1, ..., an−1, c.

Proof. By the recursive definition of binomial coefficients, one has

gn(d1 + 1, d2, ..., dn−1) = gn(d1, d2, ..., dn−1) +

n−1∑
i=1

(−1)i+n−1

( ∑
a1<···<ai

(
da1 + · · ·+ dai − 1

da1 + · · ·+ dai − n

))
where 1 = a1 < · · · < an−1 ≤ n− 1. Setting d1 = 0, it’s easy to see the above becomes

gn(1, d2, ..., dn−1) = gn(0, d2, ..., dn−1)− 1 + gn−1(d2, ..., dn−1).

Since there’s an equality gn(1, d2, ..., dn−1) = gn−1(d2, ..., dn−1) by (1) of Lemma 2.5, it follows
gn(0, d2, ..., dn−1) − 1 = 0. As gn is obviously symmetric in the variables di, it follows di divides
gn − 1 for each 1 ≤ i ≤ n − 1, which proves the first part of the lemma, that gn(d1, ..., dn−1) =
1 + d1 · · · dn−1hn(d1, ..., dn−1) for a polynomial hn(d1, ..., dn−1) of Q[d1, ..., dn−1].
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Now we show that hn as defined above is linear of the given form. To do this, we first observe
the equality, which is essentially by definition,

(FF)

(
da1 + · · ·+ dai − 1

da1 + · · ·+ dai − n− 1

)
=

1

n!

n∏
j=1

(da1 + · · ·+ dai − j).

Next we observe that, by replacing (FF) for the summands of gn(d1, ..., dn−1), one has

gn(d1, ..., dn−1) =
n−1∑
i=1

(−1)i+n−1

 1

n!

∑
a1<···<ai

n∏
j=1

(da1 + · · ·+ dai − j)

 .

Subtracting 1 and dividing by d1 · · · dn−1 is a polynomial in Q[d1, ..., dn−1] so, after expanding
any term as in the right of (FF) and dividing by d1 · · · dn−1, all monomial summands that have
nontrivial denominator must vanish after summing over all other terms with the same denominator.
This leaves just the last term, when i = n− 1, of (FF) contributing to hn(d1, ..., dn−1). Expanding
this term shows

1

n!

n∏
j=1

(d1 + · · ·+ dn−1 − j) =

1

n!

(
(d1 + · · ·+ dn−1)

n + (−1)n−1
n(n+ 1)

2
(d1 + · · ·+ dn−1)

n−1 + L(d1, ..., dn−1)

)
where the summand L(d1, ..., dn−1)/(d1 · · · dn−1) is comprised of lower degree terms, and doesn’t
contribute to hn. After expanding (d1+· · ·+dn−1)n, the monomial summands divisible by d1 · · · dn−1
are of the form di(d1 · · · dn−1) for varying i; after expanding (d1 + · · · + dn1)n−1, the monomial
summands divisible by d1 · · · dn−1 are of the form d1 · · · dn−1. As hn is the polynomial that one gets
after dividing the sum of these summands by d1 · · · dn−1, this shows hn is linear as claimed. �

Corollary 2.7. Let C be a curve of genus one that can be realized as a complete intersection in
Pn for some n ≥ 2. Then either C is a cubic curve in P2, or C is the intersection of two quadric
surfaces in P3.

Proof. Let C = V+(f1, ..., fn−1) where f1, ..., fn−1 have degrees d1, ..., dn−1 respectively. Using (2)
and assuming g = 1, there must be an equality

d1 + · · ·+ dn−1 = n+ 1.

Since di ≥ 1 for all 1 ≤ i ≤ n− 1, one finds

(d1 − 1) + · · ·+ (dn−1 − 1) = 2

so that either there is one integer i with di = 3 or there are exactly two integers i, j with i 6= j and
di = dj = 2. �

Corollary 2.8. Let C be a curve of genus one that can be realized as a complete intersection in
Pn for some n ≥ 2. Then deg(C) ≤ 4. �

3. Existence theorems

In this section we prove our main theorem, Theorem 3.4, showing that geometrically irreducible
and smooth curves of genus one that can be realized as complete intersections in Pn for n ≥ 2 have
solvable points. We’ll need a lemma. Recall that the gonality gon(C) of an irreducible curve C is
the minimal degree of a nonconstant rational map f : C 99K P1.
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Lemma 3.1. Let C be an irreducible and geometrically reduced curve with gonality gon(C) ≤ 4.
Then for every nonempty open subvariety U ⊂ C there is a field F/k, with F a solvable Galois
extension of k, such that U(F ) 6= ∅.
Proof. Let φ : C → P1 be a nonconstant morphism of degree gon(C). Let V ⊂ C be a dense,
open, and smooth subvariety of C. Then for every nonempty open subvariety U ⊂ C, there are
a finite number of points in the complement Z = C \ (U ∩ V ). Let W ⊂ P1 be the complement
W = P1 \ φ(Z). The fiber φ−1(x) = C ×P1 x of a k-rational point x of W is smooth over k. For
any point y in φ−1(x), the residue field k(y) is separable over k and of degree smaller or equal
gon(C) ≤ 4. An embedding k(y) ⊂ F into a Galois closure of k(y) is then a point of U(F ) with
the stated properties. �

Remark 3.2. In the statement of Lemma 3.1, one can replace P1 by any k-curve having an infinite
set of k-rational points.

We give one other proof that omits the geometrically reduced property in favor of an assumption
on the characteristic. This proof isn’t used in the main theorem.

Lemma 3.3. Assume char(k) 6= 2, 3. Let C be an irreducible curve with gonality gon(C) ≤ 4.
Then for every nonempty open subvariety U ⊂ C, there is a field F/k, with F a solvable Galois
extension of k, such that U(F ) 6= ∅.
Proof. Let φ : C → P1 be a nonconstant morphism of degree gon(C). Then for every nonempty
open subvariety U ⊂ C, there are a finite number of points in the complement Z = C \ U . Let
W ⊂ P1 be the complement W = P1 \ φ(Z). The fiber φ−1(x) = C ×P1 x of a k-rational point x of
W is the spectrum of an artinian local ring R that is a k-algebra of dimension gon(C). Picking a
maximal ideal m ⊂ R and taking the composition

Spec(R/m)→ φ−1(x)→ C

gives a point on C whose residue field E ⊂ R/m has degree [E : k] ≤ gon(C) ≤ 4. Since
char(k) 6= 2, 3 the field E is separable over k and its Galois closure F = Egal has the property of
the lemma statement. �

Theorem 3.4. Suppose that C is a geometrically irreducible and smooth curve of genus one that
can be realized as a complete intersection in Pn for n ≥ 2. Then C has a solvable point.

Proof. By Corollary 2.8 the curve C has deg(C) ≤ 4. So C is birational to a plane curve C ′ ⊂ P2

with C ′ of degree deg(C) ≤ 4 by Lemma 2.2. We’re going to show that the gonality of C ′ satisfies
gon(C ′) ≤ 4 so that we can apply Lemma 3.1 to an open subvariety U ⊂ C ′ isomorphic to an open
subvariety V ⊂ C, thereby completing the proof.

We write P2 = Proj(k[x, y, z]) so that C ′ = V+(f) for some homogeneous polynomial f(x, y, z)
of degree 4. Since we’re assuming k is infinite, Bertini’s theorem [Jou83, Corollaire 6.11 1) b)] gives
a hyperplane H intersecting C ′ at a finite number of points. Up to a linear change of coordinates,
we can assume H = V+(z). Our goal is to construct a nonconstant rational map φ : C ′ 99K P1

of degree 4 or less. To do this, we work in the open affine plane A2 = D(z). Let X = x/z and
Y = y/z. Then C ′ is given as the vanishing of F (X,Y ) := f(X,Y, 1) in k[X,Y ].

Let F (X,Y ) = g4Y
4+g3Y

3+g2Y
2+g1Y +g0 with gi a polynomial of k[X] of degree deg(gi) ≤ 4−i.

Assume gi 6= 0 for some i ≥ 0 and assume also gj = 0 for all j > i. Then one can define a rational
map φ : C ′ 99K P1 on the open subset D(gi) ⊂ A2

X,Y where gi doesn’t vanish as the morphism

V (F ) ∩D(gi) ⊂ D(gi) ⊂ A2
X,Y → A1

t

corresponding to the map k[t]→ k[X,Y ]gi sending t to Y if i = 0 or sending to X if i > 0. In the
first case the degree of φ is smaller or equal deg(g0) ≤ 4; in the second the degree of φ is smaller or
equal i ≤ 4. �
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