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Abstract. The purpose of this note is to make available an unpublished result of Nikita Karpenko
determining the ith term of the niveau filtration of a Severi-Brauer variety associated to a p-primary
indexed division algebra, for an arbitrary prime p, in degrees i ≤ p− 2.

Notation and Conventions. Throughout this note we fix an arbitrary base field k and we fix an
arbitrary prime number p. We fix an algebraic closure k of k. All of our objects are defined over k
unless stated otherwise.

1. Introduction

The (co)niveau filtration on the Grothendieck ring of a given Severi-Brauer variety has been
used frequently in the past to estimate torsion in the Chow groups the same Severi-Brauer variety;
see [Mer95, Kar98, Bae15]. The existence or the vanishing of this torsion is often dependent on
certain properties of the given Severi-Brauer variety or, equivalently, of the associated central
simple algebra. In low degrees, the lack of torsion in the Chow groups of the Severi-Brauer variety
associated to a given central simple algebra may play role in a conjecture of Suslin on the generic
nontriviality of the reduced Whitehead group of that central simple algebra. The main result of
this note (Theorem 3.1) shows that any such torsion comes from a nontrivial differential of the
Brown-Gersten-Quillen spectral sequence relating K-cohomology to algebraic K-theory.

The proof given here is elementary and relies only on an explicit presentation of the Grothendieck
ring of a Severi-Brauer variety. In [Mac19, Theorem 5.1], the author used this presentation to give
a description of the ith term of the γ-filtration of the Grothendieck ring of locally free sheaves on a
Severi-Brauer variety associated to a p-primary indexed division algebra in (homological) degrees
i ≤ p− 2. Shortly afterward, Nikita Karpenko observed that if one considered a different basis for
the Grothendieck ring, then one could prove the more general result of determining the ith term
of the niveau filtration in degrees i ≤ p − 2. In Section 2 below, we set up notation regarding
the Grothendieck ring of a Severi-Brauer variety. Karpenko’s result is then stated and proved in
Section 3.

2. Background

Fix a central simple algebra A of degree n. Let

X = SB(A) ⊂ Gr(n,A)

denote the associated Severi-Brauer variety of A embedded as a subvariety of the Grassmannian of
n-planes in A. By construction, X represents the subfunctor of Gr(n,A) whose R-points, for any
finite type k-algebra R, correspond to right ideals I ⊂ A⊗k R.

We write ζX for the pullback to X of the universal subbundle on Gr(n,A). For any finite type
k-algebra R and any R-point x of X corresponding to a right ideal I ⊂ A ⊗k R, the sheaf x∗ζX
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can be canonically identified with I when considered as an R-module; in particular, ζX is a right
A-module under the constant sheaf A.

By K(X) we mean the Grothendieck ring of locally free sheaves on X. By G(X) we mean the
Grothendieck ring of coherent sheaves on X. Since X is smooth, the two groups K(X) and G(X)
are canonically isomorphic via the morphism sending the class of a locally free sheaf in K(X) to
the class of itself in G(X). In this case, K(X) has been computed by Quillen:

Theorem 2.1 ([Qui73, §8, Theorem 4.1]). The homomorphism of K-groups

deg(A)−1⊕
i=0

K(A⊗i)→ K(X)

sending the class of a left A⊗i-module M to the class of ζ⊗iX ⊗A⊗i M is an isomorphism.

In particular, K(X) is a free Z-module of rank deg(A) with a basis the collection of classes of
sheaves

ζX(i) := ζ⊗iX ⊗A⊗i Mi

where each Mi is a simple A⊗i-modules and where i varies over the interval 0 ≤ i < deg(A).
Moreover, pulling back along the projection from a scalar extension of the base field commutes
with the isomorphism of Theorem 2.1. When this scalar extension is to an algebraic closure k of k
this gives the following description of the ring K(X).

Theorem 2.2. Let X = Xk be the base change of X along the extension of scalars k ⊃ k to an

algebraic closure of k. Choose an isomorphism φ : X ∼= Pn−1 and let O(−1) be the tautological line
bundle on X under φ.

Then the class ξ of O(−1) in K(X) is independent of the isomorphism φ and, in this setting,
there is a ring isomorphism

Z[x]/(1− x)n
∼−→ K(X)

sending x to ξ. Under this isomorphism, the extension of scalars map

K(X)→ K(X)

identifies K(X) with the subring of Z[x]/(1−x)n that’s additively generated by elements ind(A⊗i)xi

with 0 ≤ i ≤ deg(A)− 1.

Proof. Most of this theorem is standard. For the last claim, one apply Theorem 2.1 and observe
that the ζX(i) decompose into a sum of ind(A⊗i) copies of O(−i) over an algebraic closure. �

Remark 2.3. For a division algebra D of index pn for some n ≥ 0, the index of ind(D⊗i) of the
ith tensor product D⊗i can be determined for all i ≥ 1. The value depends only on the p-adic
valuation vp(i) of i:

ind(D⊗i) = ind(D⊗p
vp(i)

).

In particular, if i is prime to p, then ind(D⊗i) = pn.

We’re concerned, in this note, with the niveau filtration on G(X). Recall that, for an arbitrary
variety Y , the niveau filtration on G(Y ) is defined as the filtration whose ith term, for any i ≥ 0,
is the ideal

τi(Y ) :=
∑
y∈Y(j)

ker (G(Y )→ G(Y \ y))

where Y(j) is the set of points in Y of dimension j ≤ i and the arrows are flat pullbacks with respect
to the respective inclusions Y \ y ⊂ Y for the closures y varying points y.

In the case of X, the niveau filtration can be determined explicitly.
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Lemma 2.4. Identify K(X) with the ring Z[x]/(1− x)n as in Theorem 2.2. Set h = 1− x. Then
the niveau filtration of X is determined as

τi(X) =
⊕
j≤i

hn−1−jZ

for any integer i. �

3. The proof

Throughout this section we fix a division algebra D having index pn for some n ≥ 1. We let
X = SB(D) denote the Severi-Brauer variety associated to D. We keep all other notation from
Section 2. The main theorem of this section is the following.

Theorem 3.1. Identify K(X) with the ring Z[x]/(1 − x)p
n

as in Theorem 2.2. Set h = 1 − x.
Identify K(X) as a subring of K(X) via the extension of scalars map.

Then the niveau filtration on K(X) is determined as

τi(X) =
⊕
j≤i

pnhp
n−1−jZ = pnτi(X)

for every i ≤ p− 2.

Proof. Since τi(X) =
⊕

j≤i h
pn−1−jZ by Lemma 2.4, to prove the result it suffices to show that

τi(X) = pnτi(X). Note that the containment pnτi(X) ⊂ τi(X) is immediate from [Mac19, Lemma
5.7] so that we only need to show the reverse containment.

For any 0 ≤ i ≤ p− 2, an arbitrary generator for τi(X) ⊂ τi(X) is of the form

pn−1∑
j=pn−1−i

sjh
j

for some integers sj . Writing this generator as a sum of powers of al(1−h)p
n−1−l with al = ind(D⊗l)

(cf. Theorem 2.2) gives an equality

(S)

pn−1∑
j=pn−1−i

sjh
j =

pn−1∑
l=0

tlal(1− h)p
n−1−l

with tl some integers. Since powers of h form a basis for K(X) we can expand the right side of (S)
and compare the coefficients of hj to find

(R) sj =
∑
l≥j

tlal

(
pn − 1− l
pn − 1− j

)
.

Now all of the al that appear in (R) have pn − 1 ≥ l ≥ j ≥ pn − p + 1. Hence l is prime to p
and al = ind(D⊗l) = pn by Remark 2.3. It follows that τi(X) is contained in pnτi(X) for every
0 ≥ i ≥ p− 2 as claimed. �

As a corollary, this implies that the associated graded groups to the niveau filtration are torsion
free in low degrees.

Corollary 3.2. With notation as above, the associated graded groups

grτ,iG(X) = τi(X)/τi−1(X) = pnZ ⊂ Z = grτ,iG(X)

are torsion free for all 0 ≤ i ≤ p− 2. �
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