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Abstract. We consider the question: which elliptic curves appear as the Jacobian of a smooth curve of

genus one splitting a Severi–Brauer variety? We provide three new examples.

First, we show that if E is any elliptic curve over an algebraically closed field k and if F/k is a perfect
field extension, then there exists a principal homogeneous space for EF splitting a Severi–Brauer variety

X = SB(A) over F if and only if A is Brauer equivalent to a cyclic algebra. Along the way, we also give a
uniform proof of a generalization of results due to O’Neil, Clark and Sharif, and Antieau and Auel.

Second, we give an example of an elliptic curve E over a field k together with a central simple algebra

A/k of degree 4 such that E is the Jacobian of a smooth genus one curve C embedded in the Severi–Brauer
variety X = SB(A) as a degree 8 curve and such that E is not the Jacobian of any genus one curve of

smaller degree contained in X. Our example is, in some sense, as small as possible in both dimension and

arithmetic complexity.
Third, we show that for any odd integer n ≥ 3 there is a central simple algebra A of degree n over a local

field k which is split by the principal homogeneous space of an elliptic curve E/k but not by any principal

homogeneous space for any quadratic twist of E. This generalizes a recent result of Saltman in the case of
surfaces to arbitrary even dimension.
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1. Introduction

Given a Severi–Brauer variety X, does there exist a smooth and projective curve C on X of genus one?
If the index of X is at most 5, then earlier work on this problem by de Jong and Ho [dJH12] shows that it
is always possible to find such a curve C so long as the dimension of X allows it (i.e. if dim(X) > 1). Their
result is special in the sense that it relies on a general description of moduli spaces of geometrically elliptic
normal curves on Severi–Brauer varieties of low dimensions. In higher dimensions, such nice descriptions of
these moduli spaces no longer hold, so new techniques are needed to analyze this question in general.
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Closely related to the problem of embedding a genus one curve inside a Severi–Brauer variety X is the
a priori weaker problem of splitting the associated Brauer class of X by the function field of such a curve.
On this front, recent work of Antieau and Auel [AA21] has shown that over a global field k one can always
split Brauer classes of index 6, 7, or 10 by the function field of some genus one curve defined over k. More
classically, Roquette [Roq66] has shown that over a p-adic local field k, a Brauer class of index n is split by
a genus one curve C over k if and only if the index of C is a multiple of n. Since genus one curves of every
index exist over p-adic local fields, Roquette completely resolves the splitting problem in this case.

We show in Proposition 2.5 below that these two problems – embedding a genus one curve in X and
splitting X by a genus one curve – are actually equivalent so long as dim(X) ≥ 3. Essentially, if a smooth
and projective curve C of genus one splits X, then C will embed as a geometrically elliptic normal curve
inside some Severi–Brauer variety Y which is Brauer equivalent to X. By either projecting or embedding,
one can then get to every other Brauer equivalent Severi–Brauer variety which has dimension at least 3.

In general, the embedding problem still seems quite hard. However, if one rigidifies the problem by fixing
from the start an elliptic curve E, then one can say much more.

Theorem A. Let k be a field, let E/k be an elliptic curve, and fix an E-torsor C. For simplicity, suppose
that α ∈ Br(k) is a Brauer class having index at least 4. Then the following statements are equivalent:

(1) C splits the Brauer class α;
(2) C embeds in X = SB(A) for every central simple k-algebra A with α = [A];
(3) there exists an algebra B with [B] = α such that C embeds in Y = SB(B) as a geometrically elliptic

normal curve.

For a fixed elliptic curve E, results of O’Neil, Clark, and many others [O’N02, Cla05, CFO+08] allow us
to identify the set of all embeddings C ⊂ X of an E-torsor C as a geometrically elliptic normal curve inside
a Severi–Brauer variety X of dimension n, varying over all C and all X, with the Galois cohomology group
H1(k,E[n+ 1]) of the (n+ 1)-torsion subscheme E[n+ 1] of E. In Theorem A above, we can then add the
equivalent statement:

(4) there exists an element ξ ∈ H1(k,E[n+ 1]) such that ∆(ξ) = α where ∆ : H1(k,E[n+ 1]) → Br(k)
is the Clark–O’Neil obstruction map sending an element [C ⊂ X] to [X] ∈ Br(k).

Effectively, the above says that if one is willing to fix the elliptic curve E from the beginning, then determining
if an E-torsor C embeds into a Severi–Brauer X is equivalent to determining if the Brauer class of X is in
the image of some maps in Galois cohomology. This is the perspective that we take in the present paper and,
in many ways, we view the work of Antieau–Auel and of Saltman [Sal21] as having a very similar philosophy.

Our first main result is the following:

Theorem B (Theorem 3.11). Let E be any elliptic curve over an algebraically closed field k. Let F/k be a
field extension and assume F is perfect.

Then there exists a principal homogeneous space for EF admitting a closed embedding into a Severi–
Brauer variety X = SB(A) over F if and only if A is Brauer equivalent to a cyclic algebra.

The universal division algebra of square index at least 4 over a field of characteristic zero is not Brauer
equivalent to a cyclic algebra as Example 3.13 shows, so such curves should embed in relatively few varieties.
That such principal homogeneous spaces actually exist in the statement of Theorem B can be deduced from
the theorem of Clark and Sharif [CS10, Theorem 10] on the cyclicity of the obstruction map for elliptic
curves which have all of their torsion points defined rationally. It can also be deduced from the results of
[AA21] which generalize this statement in a few ways (e.g. to level structures, and to the splitting of gerbes).

We give in Section 3 another proof that the obstruction map is cyclic under some assumptions on the
torsion subgroup scheme of the fixed elliptic curve. Our proof is distinct from both the proofs of Clark–
Sharif and Antieau–Auel and goes along the lines of an original (but incorrect) approach of O’Neil [O’N02].
Benefits of our approach include an explicit cocycle description for the error term found by Antieau–Auel in
the even degree case (see Theorem 3.6) and a new proof that this error term vanishes under an assumption
of higher level structure as in the work of Clark–Sharif (see Corollary 3.10). Using these results we also give:

Example C. We give an example of an elliptic curve E over Q2((t)) together with a central simple algebra
A/k of degree 4 such that E is the Jacobian of a smooth genus one curve C embedded in the Severi–Brauer
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variety X = SB(A) as a degree 8 curve and such that E is not the Jacobian of any genus one curve of smaller
degree contained in X.

The elliptic curve that we consider in this example is the universal elliptic curve with full level-8 torsion.
The algebra A that we consider was constructed earlier by Brussel [Bru20] and is a noncyclic degree 4 algebra
with a degree 8 cyclic splitting field.

We should point out that, while it’s easy to construct smooth curves of genus one which embed in Severi–
Brauer varieties as curves of a certain non-minimal degree and not of any smaller degree (see Remark 2.6),
it is difficult to produce examples where there are no principal homogeneous spaces at all for the Jacobian
of these curves which admit an embedding of smaller degree. For example, we show in Remark 3.16 that no
such examples can exist over p-adic local fields and, so, our example is minimal in some arithmetic sense.

Lastly, we show:

Theorem D (Corollary 4.5). For any odd integer n ≥ 3, there exists a central simple algebra A of degree
n over a local field k which is split by the principal homogeneous space of an elliptic curve E/k but not by
any principal homogeneous space for any quadratic twist of E.

In fact, we can produce infinitely many such fields k and infinitely many such curves E for a given k which
fit into an example (k,A,E) for some A as above.

Saltman [Sal21] gives similar examples in the case of a Severi–Brauer surface. Theorem D can be seen
as a generalization of these examples to higher dimension. The key observation allowing us to make this
generalization is that Saltman’s techniques are secretly making heavy use of the correspondence between what
we call “Severi–Brauer diagrams” and the Galois cohomology of certain torsion subschemes of an elliptic
curve. Once one takes this fact into account, Saltman’s examples are gotten from observing certain elliptic
curves admit principal homogeneous spaces of a given period while their quadratic twists do not. We’re then
able to prove our result by analyzing the inflation-restriction sequence of cohomology, see Theorem 4.4.

Outline. This document is structured as follows. Section 2 is preliminary and is devoted to a proof of
Theorem A. In this section we set-up the correspondence between Severi–Brauer diagrams under an elliptic
curve and Galois cohomology of torsion subschemes of the curve, between the splitting problem and the
embedding problem, and between splitting by genus one curves and the existence Severi–Brauer diagrams.
We conclude by showing how one can construct all of the obstruction maps which have been considered in
the literature thus far and we show how to relate them to one another. While this section is mostly a survey
in nature, we have opted to include all proofs for this section as they are sometimes missing detail, or are
incorrect, in the existing literature.

In Section 3, we give our description of the obstruction map associated to an n-torsion cyclic subgroup
scheme of an elliptic curve in the case that the characteristic does not divide n and under the assumption
that the elliptic curve has full level-n structure. Noteworthy here is both our description of the error term in
the case that n is even and our description of the obstruction map without the assumption of a symplectic
full level-n structure. We end this section with the constructions of both Theorem B and Example C. An
expert that’s interested in these examples may be able to start reading from subsection 3.3 without having
to invest too much time into the previous sections.

In Section 4, we show how one can reduce from the case of an arbitrary elliptic curve to one with full
level-n structure (where everything is understood) by restriction. We interpret the image of the restriction
map (to the field where the elliptic curve acquires all of its n-torsion points) as a set of isomorphism classes
of Galois algebras which are invariant under the conjugation action. This allows us to obstruct the existence
of principal homogeneous spaces of a given period by showing the nonexistence of certain Galois extensions
of the base field. An easy argument then gives Theorem D.

Notation and Conventions.

• We fix k be a base field and k a fixed algebraic closure. Inside k we also fix a separable closure ks

of k. We typically write F/k, F , and F s respectively for a field extension of k
• We let E be an elliptic curve over k with group operation m : E × E → E
• The absolute Galois group of k (resp. of a field F/k) is written as Gk = Gal(ks/k) (resp. as GF ).
• We typically write A for a k-central simple k-algebra and X = SB(A) for the Severi–Brauer variety
associated to A.
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2. Severi-Brauer diagrams and obstruction maps

Throughout this section we choose a fixed, but arbitrary, base field k. For any elliptic curve E over k and
for any integer n ≥ 2 we write E[n] for the kernel subgroup scheme of the multiplication-by-n map of E. In
this section we describe the relationship between elements of the Galois cohomology group H1(Gk, E[n](ks)),
where ks is a separable closure of k, and morphisms from E-torsors to Severi–Brauer varieties.

2.1. Severi–Brauer diagrams. Here we recall an interpretation of the elements of the cohomology group
H1(Gk, E[n](ks)) in terms of Severi-Brauer diagrams. This interpretation has been used frequently in some
contexts, e.g. on the period-index problem for genus one curves [O’N02, Cla05, CS10] and in explicit n-descent
for elliptic curves [CFO+08], but it’s only been used infrequently in the study of the Brauer group.

Definition 2.1. Fix an elliptic curve E/k and an integer n ≥ 2. We define a degree-n Severi-Brauer diagram
under E as a triple

(C, µ : E × C → C, f : C → X)

consisting of a curve C, a fixed principal homogeneous structure µ for E on C, and a morphism f : C → X
to a Severi–Brauer variety X of dimension dim(X) = n− 1 satisfying:

• if n = 2, then f is a degree-2 cover of X;
• if n > 2, then f is a closed immersion and deg(f(C)) = n.

The degree of a closed subvariety of X is calculated as the degree of the corresponding projective subvariety
under any isomorphism XF

∼= Pn−1
F over some (equivalently any) splitting field F/k of X.

Two degree-n Severi–Brauer diagrams

(C, µ : E × C → C, f : C → X) and (C ′, µ′ : E × C ′ → C ′, f ′ : C ′ → X ′)

are said to be equivalent if there exist k-isomorphisms ϕ : C ∼= C ′ and ψ : X ∼= X ′ such that the following
two diagrams of k-schemes commute:

E × C C

E × C ′ C ′

µ

id×ϕ ϕ

µ′

C X

C ′ X ′

f

ϕ ψ

f ′

.

Note this implies any fixed degree-n Severi–Brauer diagram (C, µ, f : C → X) is equivalent to the diagram
(C, µ, ϕ ◦ f : C → X) for any k-automorphism ϕ ∈ Aut(X/k).

We write π0(E − SBn)(F ) to denote the set of equivalence classes of degree-n Severi–Brauer diagrams
under E that are defined over a field extension F/k (appropriately defined).

Given any fixed degree-n Severi–Brauer diagram ξ = (C, µ : E × C → C, f : C → X) over k, any other
degree-n Severi–Brauer diagram over k can be realized as a twist of ξ as we now explain. Classically, a
continuous 1-cocycle α : Gk → E(ks) determines both the data of a curve C ′ defined over k and a principal
homogeneous structure µ′ : E ×C ′ → C ′ from (C, µ) by Galois descent. The curve C ′ has the property that
there is a ks-scheme isomorphism ϕ : C ′

ks
∼= Cks and, for any σ ∈ Gk, there is a commuting square

C ′
ks Cks

C ′
ks Cks .

ϕ

σ ασ◦σ

ϕ

The principal homogeneous structure µ′ on C ′ is descended from the composition

Eks × C ′
ks

id×ϕ−−−→ Eks × Cks
µks−−→ Cks

ϕ−1

−−→ C ′
ks .

Moreover, the isomorphism ϕ : C ′
ks

∼= Cks is naturally an isomorphism of Eks principal homogeneous spaces.
Moreover, if n ≥ 2 is a fixed integer and if the 1-cocycle α takes values in the ks-points E[n](ks) of the n-

torsion subscheme E[n] of E, then α additionally determines the equivalence class of a Severi–Brauer variety
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X ′ of dimension n−1 and a (nonunique) morphism f ′ : C ′ → X ′ which determines a degree-n Severi–Brauer
diagram under E up to equivalence. To be precise, let t ∈ PicnC(k) be the image of O(1) ∈ Pic1X(k) under
the pullback induced by f . Pulling back along ϕ yields a map

ϕ∗ : PicCks (k
s) → PicC′

ks
(ks)

that determines a ks-point ϕ∗(t) ∈ PicnC′
ks
(ks). Then, assuming α(Gk) ⊂ E[n](ks), one can observe (as

we do below) that the ks-point ϕ∗(t) is Gk-invariant and, so, it descends to a k-rational point of PicnC′(k).
Associated to any such k-point is a morphism from C to a Severi–Brauer variety X ′ of dimension n − 1,
unique up to the action of Aut(X ′), and this defines an equivalence class of a degree-n Severi–Brauer diagram
under E and over k. (For more on the correspondence between k-rational points on the Picard scheme PicC′

of C ′ and morphisms to Severi–Brauer varieties, see [Gro68, Section (5.4)] for an original source; see [Lie17]
for a more recent exposition.)

It remains to explain why ϕ∗(t) is Gk-invariant. To do this, we note that since E acts on C and C ′ via µ
and µ′, there are induced actions of the opposite group k-scheme Eop on each of the connected components
of the Picard schemes PicC and PicC′ . Over the separable closure ks of the field k, the action on PicC×k ks
is defined on T -points, for any ks-scheme T , by

µ̂ks : Eopks (T )×PicCks (T ) → PicCks (T ) defined by (x,L) 7→ µ̂ks(x,L) := T ∗
xL

where Tx = (p1, µ ◦ (x× idC)) : T ×ks Cks → T ×ks Cks is the left translation-by-x map on CT := T ×ks Cks
and we write p1 for the first projection. This action morphism is Galois equivariant for the appropriate right
Galois actions, meaning that for each g ∈ Gk there is a commuting diagram

Eopks ×PicCks Eopks ×PicCks (x,L) (g−1
E x, g∗CL)

PicCks PicCks T ∗
xL T ∗

(g−1
E x)

g∗CL

gEop×gPicC

µ̂ks µ̂ks

g−1
PicC

where one uses the relations gPicC
= g∗C and T(gEx) = gC ◦ Tx ◦ g−1

C to obtain the square on the right above.
It follows that there exists a morphism µ̂ defining an action of Eop on PicC over k which becomes µ̂ks after
extending scalars. One similarly defines the action µ̂′ of Eop on PicC′ .

Since E is commutative we can identify E with Eop and consider µ̂ and µ̂′ as actions by E. It follows
immediately that ϕ∗ is equivariant with respect to these actions scalar extended to the separable closure ks.
Further, one can check that the n-torsion subgroup scheme E[n] acts trivially on the connected components
PicnC and PicnC′ (this can checked directly if char(k) ∤ n or by using [Mum70, §23, Theorem 3] in general).
Hence if α(Gk) ⊂ E[n](ks), then ϕ∗(t) is Gk-invariant as claimed. Altogether, one finds:

Proposition 2.2 (cf. O’Neil, [O’N02, Proposition 2.2]). Let (k,E, n, ξ) be defined as above, consider the set
π0(E − SBn)(k) as a set pointed by ξ, and assume that one of the following holds:

(F1) k is arbitrary and char(k) ∤ n,
(F2) or k is perfect.

Then, the above association of an equivalence class of a degree-n Severi–Brauer diagram from a continuous
1-cocycle α induces a well-defined bijection of pointed sets

(1) Tξ : H
1(Gk, E[n](ks)) → π0(E − SBn)(k).

By viewing π0(E − SBn)(k) as the collection of equivalence classes of twists of the degree-n Severi–Brauer
diagram ξ, an explicit inverse

(2) Sξ : π0(E − SBn)(k) → H1(Gk, E[n](ks))

to Tξ can be constructed through splitting of degree-n Severi–Brauer diagrams. Moreover, both of the maps
(1) and (2) are natural with respect to restriction to any intermediate field k ⊂ F ⊂ ks.

Proof. Let ξ′ = (C ′, µ′, f ′ : C ′ → X ′) be any degree-n Severi–Brauer diagram under E which splits over a
finite Galois extension F/k. By split, we mean that ξ′F is equivalent to ξF so there exist F -isomorphisms



6 EOIN MACKALL AND NICK REKUSKI

α, β making the diagram

C ′
F X ′

F

CF XF

f ′

α β

f

commutative. For each σ ∈ Gal(F/k) we set γσ = α◦σC′
F
◦α−1◦σ−1

CF
= α◦σα−1 to be the given automorphism

of C considered as a principal homogeneous space under E. The map γ : Gal(F/k) → Autphs(CF , µ) = E(F )
defined by γ(σ) = γσ is then a 1-cocycle. Since the embeddings f ′ and f are Galois equivariant, one can check
that for each σ ∈ Gal(F/k), the automorphism γσ fixes f∗O(1) = L on CF . This implies that γσ ∈ E[n](F )
due to [Mum70, §23, Theorem 3].

For any field extension L/k, denote byWξ(L) ⊂ π0(E−SBn)(k) the subset consisting of those equivalence
classes of Severi–Brauer diagrams of degree-n under E which split (to ξ) over L. The correspondence, defined
above, sending ξ′ to γ sets up an injection from Wξ(F ) to the group cohomology H1(Gal(F/k), E[n](F )).
Taking limits over the filtered system of inflation maps, one gets an injection

(3) ρ :Wξ(k
s) → H1(Gk, E[n](ks))

to the continuous Galois cohomology group. We claim that under either assumption (F1) or (F2): we have
equality Wξ(k

s) = π0(E − SBn)(k) (i.e. every Severi–Brauer diagram splits over the separable closure) and
that the map ρ is a surjection.

We first show that every Severi–Brauer diagram splits over the separable closure ks of k assuming either
(F1) or (F2). Let ξ′ = (C ′, µ′, f ′) denote an arbitrary diagram of degree-n under E. Using a point tC ∈ C(ks),
we can identify Eks with Pic1Cks by sending the identity p ∈ E(ks) to O(tC). Similarly we may identify Eks

with PicnCks sending p to O(tC)
⊗n. The multiplication-by-n map on E can then be identified with the exact

sequence of group schemes

(4) 0 → E[n]ks → Pic1Cks → PicnCks → 0

where the nontrivial map on the right sends a line bundle L to L⊗n. The sequence (4) is exact on ks points
by [KMRT98, (22.15) Proposition], if one assumes (F1), or because ks is an algebraic closure assuming (F2).
Thus, the map f : C → X has the property that f∗ksO(1) = O(nxC) for some point xC ∈ C(ks). Similarly,
one has that (f ′ks)

∗O(1) = O(nxC′) for a point xC′ ∈ C ′(ks).
One can now construct an isomorphism C ′

ks → Cks of principal homogeneous spaces under Eks determined
entirely by sending xC′ to xC . This isomorphism extends to a splitting of ξ′ as desired.

Finally, we take Sξ to be the map ρ of (3). It’s immediate that an explicit inverse to ρ is gotten by the
procedure outlined in the paragraphs below Definition 2.1, showing that Tξ is a well-defined bijection. □

Among all equivalence classes of degree-n Severi–Brauer diagrams under E, there is a seemingly most
canonical such class. Specifically, we mean the class containing any degree-n Severi–Brauer diagram of the
form (E, m, ι : E → Pn−1) where m : E×E → E is the multiplication map for E and ι is a fixed morphism
corresponding to a complete linear system of O(p)⊗n where p ∈ E(k) is the identity. Accordingly, we call
any fixed choice ξ0 = (E,m, ι) representing this class the trivial degree-n Severi–Brauer diagram under E.
From now on, unless we state otherwise, we will always assume that the set π0(E−SBn)(k) is pointed by the
fixed trivial diagram ξ0. We will also drop subscripts and write T = Tξ0 and S = Sξ0 for the corresponding
maps of Proposition 2.2 in this case.

Remark 2.3. It is well known H1(Gk, E(ks)) can be identified with the Weil–Châtelet group WC(E/k) whose
elements are equivalence classes of principal homogeneous spaces under E and defined over k, see [LT58,
Section 2] or [Sil86, Chapter X, Theorem 3.6]. The composition

H1(Gk, E[n](ks)) → H1(Gk, E(ks))

induced by the inclusion E[n] ⊂ E then sits in a commutative square of pointed maps

H1(Gk, E[n](ks)) H1(Gk, E(ks))

π0(E − SBn)(k) WC(E/k)
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where the bottom map sends a degree-n Severi–Brauer diagram [(C, µ, f)] to the class [(C, µ)].

Remark 2.4 (cf. [CFO+08, Remark 1.10]). For any given principal homogeneous space (C, µ) under E, there
can exist multiple, inequivalent degree-n Severi–Brauer diagrams under E for this principal homogeneous
space. To see this, consider the Kümmer sequence of multiplication-by-n on E,

(5) 0 → E[n] → E
·n−→ E → 0.

We can identify the middle curve E with the elliptic curve Pic1E , pointed by O(p), and the rightmost curve
E with the elliptic curve PicnE , pointed by O(p)⊗n, via maps

ϕ1 : E → Pic1E , x 7→ O(x) and ϕn : E → PicnE , x 7→ O(x)⊗O(p)⊗(n−1).

Assuming that (5) is exact on ks-points, there is then an associated ladder of exact sequences in cohomology

(6)

E(k) H1(Gk, E[n](ks)) H1(Gk, E(ks))[n]

PicnE(k) H1(Gk, E[n](ks)) H1(Gk,Pic1E(k
s))[n]

ϕn(k) ϕ1,∗

δ

that can be interpreted using Remark 2.3. Namely, the equivalence class of a degree-n Severi–Brauer diagram
[(C, µ, f)] maps to the identity of the group H1(Gk, E(ks)) if and only if (C, µ) is isomorphic with (E,m) as
a principal homogeneous space under E if and only if C(k) ̸= ∅ if and only if C ∼= E.

The map δ of (6) is defined by sending a point t ∈ PicnE(k), corresponding to a degree-n line bundle Lt on
E, to the element corresponding to the class of the Severi–Brauer diagram [(E,m, ft)] where ft : E → Pn−1 is
any morphism determined by the complete linear system of Lt. The element δ(t) is trivial in H1(Gk, E[n](ks))
if and only if Lt ∼= O(q)⊗n for a point q ∈ E(k).

2.2. Morphisms to Severi–Brauer varieties. Let k be a field and C a curve over k. If X is a Severi–
Brauer variety over k admitting a morphism C → X, then the Severi–Brauer variety Xk(C), over the function
field k(C) of C, is necessarily split since it contains a k(C)-rational point. Conversely, if C is smooth, proper,
and ifX splits over the function field k(C), then any k(C)-rational point onXk(C), corresponding to a rational
map C 99K X, extends to a morphism C → X.

When C is a smooth, proper, and geometrically connected curve having arithmetic genus g(C) = 1, then
both of the conditions above are equivalent to the existence of a containment C ⊂ X so long as dim(X) ≥ 3.
We make this more precise with the following:

Proposition 2.5. Let k be any field, let X be a Severi–Brauer variety over k, and let C be a smooth, proper,
geometrically connected k-curve of genus g(C) = 1. Write E = Pic0C for the connected component of the
Picard scheme of C containing the identity, and let µ : E × C → E be a principal homogeneous structure of
E on C. If dim(X) ≥ 3, then the following statements are equivalent:

(A1) C splits X, i.e. [X] ∈ Br(k) is in the kernel of the restriction from k to k(C).
(A2) There exists a closed immersion i : C → X.
(A3) There exists an integer d ≥ 2, a Severi–Brauer variety Y with [Y ] = [X] ∈ Br(k), and a morphism

f : C → Y such that (C, µ, f) defines a degree-d Severi–Brauer diagram under E.

Proof. The proposition is well-known, or readily deducible, in the case thatX is split, equivalentlyX ∼= Pn−1.
We can therefore assume that X is not split throughout the proof. If C splits X, then Xk(C)(k(C)) ̸= ∅.
Correspondingly, there is some morphism j : C → X. Pulling back, one gets an associated k-rational point

(7) j∗ : Pic1X(k) → PicdC(k)

as the image of the line bundle O(1) on Xks considered as the sole element of Pic1X(k), and for some d ∈ Z.
Since X is not split, we find d ≥ 2.

Since d ≥ 2, the corresponding k-rational point in PicdC(k) defines a morphism f : C → Y to a Severi–
Brauer variety Y that’s Brauer equivalent to X and with dim(Y ) = d − 1; geometrically, this morphism
corresponds to the complete linear system defined by j∗O(1) on Cks . It follows from the Riemann-Roch
theorem and [Har77, Chapter 4, Corollary 3.2] that (C, µ, f) defines a degree-d Severi–Brauer diagram under
the elliptic curve E, hence (A1) implies (A3).
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Let P be a Severi–Brauer variety that’s Brauer equivalent to X with dim(P ) minimal. As such, there
is a closed immersion P → Y which realizes P as a twisted linear subvariety of Y . We can view P as the
Severi–Brauer variety associated to a division k-algebra D, i.e. P represents the functor whose R-points, for
a finitely generated k-algebra R, are given as (cf. [Kar00, Definition 10.16])

SB(D)(R) = {N ⊂ DR : N is an R-flat, right DR-submodule of DR with rkR(N) = deg(D)}.

We can view Y similarly as the Severi–Brauer variety associated to a matrix ring Mn(D), for some n ≥ 1,
so that Y represents the functor with R-points

SB(Mn(D))(R) = {N ⊂ D⊕n
R : N is an R-flat, right DR-submodule of D⊕n

R with rkR(N) = deg(D)}.

With the functor notation, a closed immersion P → Y corresponds to an inclusion i : D ⊂ D⊕n of right
D-modules. Associated to the inclusion i is also a quotient, say q : D⊕n → D⊕n/i(D).

For any finitely generated k-algebra R, and for any R-flat right DR-submodule N ⊂ D⊕n
R with rank

rkR(N) = deg(D) that’s not contained in i(D)R, the image qR(N) inside D⊕n
R /i(D)R is again an R-flat right

DR-submodule with rank rkR(qR(N)) = deg(D). This defines a projection map Y \ P → Y ′ to another
Severi–Brauer variety Y ′, nonempty whenever Y ̸= P , which is also Brauer equivalent to X and which has
smaller dimension than Y (in fact, dim(Y ′) = dim(Y )− dim(P )− 1 exactly).

Now we work in cases. Assume first that dim(P ) > 2. If Y = P , so that d = dim(P )+ 1, then P includes
into any Brauer-equivalent Severi–Brauer variety. Hence there exists a closed immersion C ⊂ Y = P ⊂ X.
On the other hand if Y ̸= P , then we proceed as follows. Geometrically, the map Y \ P → Y ′ is a linear
projection and, therefore, for a generic choice of P ⊂ Y with C∩P = ∅, projection induces a closed immersion
C ⊂ Y \ P → Y ′. Repeating this process we eventually find closed immersions C ⊂ P ⊂ X as above.

Assume now that dim(P ) ≤ 2. Regardless of d, we first consider the k-rational point on Pic5dC (k) gotten
from the rational point in (7) above by applying the multiplication-by-5 map

PicdC(k)
∆−→

5∏
i=1

PicdC(k) → Pic5dC (k).

Since d ≥ 2, we have 5d ≥ 10. Correspondingly, we get a closed immersion C → Y ′ to a Severi–Brauer variety
Y ′ that’s still Brauer equivalent to X since 5 is coprime to the period of [X] in Br(k). If dim(X) ≥ dim(Y ′),
then we are done as there is a closed immersion Y ′ ⊂ X. Otherwise, by choosing suitable projections we
can arrange that there is a closed immersion C → X since by assumption we have dim(X) > 2. This shows
that (A3) implies (A2). The rest is clear. □

The assumption that dim(X) ≥ 3 in Proposition 2.5 is optimal in the sense that, given a smooth and
proper genus one curve C splitting a Severi–Brauer variety X with dim(X) ≤ 2, there may not exist any
closed immersion from C to X.

If dim(X) = 1, then this is obvious. On the other hand, if dim(X) = 2 then, by following the above proof,
one can show that there always exists a finite map φ : C → X which induces a birational morphism between
C and its image φ(C). However, there still may not exist any closed immersion from C to X.

Remark 2.6. For an explicit example of this latter phenomenon, one can consider any curve C such as those
constructed in [Sha12, Section 3.2] having period per(C) = 9, index ind(C) = 27, and which split a Severi–
Brauer surface X of index ind(X) = 3. If a closed immersion φ : C → X did exist then, since dim(X) = 2,
the degree of φ(C) must be deg(φ(C)) = 3. Intersecting φ(C) with any other curve φ(C) ̸= D ⊂ X of degree
deg(D) = 3 would then produce a Weil divisor on C of degree 9, which cannot exist when ind(C) = 27.

More generally, for any composite integer n ≥ 8, for any curve C having genus one and with per(C) = n
and ind(C) = n2, and for any divisor 3 < m < n of n, there exists a Severi–Brauer variety Ym of dimension
m−1 < n−1 such that C admits a closed immersion to Ym realizing C as a degree n(n/m) curve in Ym and
such that C does not admit any closed immersion to Ym as a curve of smaller degree (in particular, there
are no Severi–Brauer diagrams involving both C and Ym even though C does split Ym).

Indeed, since C has per(C) = n, there exists a Severi–Brauer variety X of dimension n− 1 and a closed
immersion from C to X realizing C as a curve of degree n in X. Since ind(C) = n2, the exponent of the
central simple algebra A such that X ∼= SB(A) must also be n since, if otherwise, the curve C would contain
a Weil divisor of degree strictly smaller than n2. Hence ind(A) = n as well. Now let Ym be the Severi–Brauer
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variety corresponding to the division algebra underlying A⊗(n/m). One can construct a closed immersion
from C to Ym of degree n(n/m) by composing the twisted Segre embedding

C
∆−→ C×(n/m) → X×(n/m) → SB(A⊗(n/m))

with a suitable projection to Ym. Since the exponent of A⊗(n/m) is exactly m in this case, this embedding
from C to Ym has the minimal degree allowable by the index of C.

Remark 2.7. Given a smooth, proper, geometrically connected curve C having genus g(C) = 1, the collection
of Brauer classes split by C form a subgroup of Br(k) called the relative Brauer group of C over k,

Br(C/k) := ker

(
Br(k)

res
k(C)
k−−−−−→ Br(k(C))

)
.

If C(k) ̸= ∅, then Br(C/k) = 0 since a morphism C → X to a Severi–Brauer variety X necessarily induces
a k-rational point of X, implying that X is split itself. Still, even when C(k) = ∅ so that C is a nontrivial
E = Pic0C-torsor, such curves C split relatively few Brauer classes. As evidence for this claim, see [CK12,
Proposition 4.11] where it’s shown that the group Br(C/k) is finite whenever k is finitely generated over Q.
There are even examples for which Br(C/k) = 0 even though C(k) = ∅. Indeed, by the Brauer-Albert-Hasse-
Noether theorem, any curve C which defines a nontrivial element of the Tate-Shafarevich group X(E/k) of
an elliptic curve E will have Br(C/k) = 0 and such examples are classical [Sel51].

For more examples and computations: see [CK12, Theorem 4.12] for an example where the relative Brauer
group is infinite, see [Roq66] for the case of a local base field, and see [Han03, HHW12, Cre16, Kuo16] for
examples with curves C of small period.

2.3. Theta groups and obstruction maps. In this subsection we first briefly recall the construction of
O’Neil’s obstruction map, introduced in [O’N02], using Mumford’s theta groups [Mum66]. Then, using the
twisting language, we show how one can associate to any continuous 1-cocycle ξ ∈ Z1(Gk, E[n](ks)) both a
ξ-twisted theta group and a ξ-twisted obstruction map. We end by relating these objects to their untwisted
counterparts.

For any line bundle L on E of degree n = deg(L) ≥ 2, there is an associated theta group ΘL which fits
into a central extension of group k-schemes

(8) 1 → Gm
ρ−→ ΘL

π−→ E[n] → 1.

By construction, for any k-scheme S, the S-points of ΘL are in natural bijection with the set of pairs (x, ϕ)
consisting of an S-point x ∈ E(S) and an S-isomorphism of geometric vector bundles ϕ : V(L∨

S) → V(L∨
S)

which makes the following diagram commutative

V(L∨
S) V(L∨

S)

ES ES .

ϕ

Tx

Here we write Tx = (p1,m◦ (x× idE)) : S×kE → S×kE for the left translation-by-x map on ES := S×kE,
where we write p1 and p2 for the first and second projections from ES = S ×k E, we write LS to mean p∗2L,
and we note that ϕ should be S-linear on the fibers over any S-point y ∈ E(S).

The group law on ΘL(S) is given as composition of diagrams. If (x, ϕ1) and (y, ϕ2) are elements of ΘL(S),
then we have

(x, ϕ1) · (y, ϕ2) = (x+ y, ϕ1 ◦ ϕ2).
The map ρ realizes Gm as the group of automorphisms of the line bundle V(L∨), i.e. for any ϕ ∈ Gm(S)
we have ρ(ϕ) = (pS , ϕ) where p ∈ E(k) is the identity of E. The map π in (8) is projection onto the first
component, noting an element (x, ϕ) ∈ ΘL(S) can exist only if x ∈ E[n](S). Indeed, if ϕ is as above then ϕ
induces a canonical isomorphism

(9) V(L∨
S) → ES ×(Tx,Es) V(L

∨
S)

∼= V(T ∗
xL∨

S)

and there exists an isomorphism LS ∼= T ∗
xLS only if x ∈ E[n](S).

A representation of ΘL on the affine k-space H0(E,L) can be defined by the rule

(10) ΘL ×H0(E,L) → H0(E,L) with ((x, ϕ), s) 7→ ϕ ◦ s ◦ T−x
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where (x, ϕ) ∈ ΘL(S) and s : ES → V(L∨
S) is a section. Equivalently, the corresponding group k-scheme

homomorphism ΘL → GL(H0(E,L)) sends (x, ϕ) ∈ ΘL(S) to the S-point of GL(H0(E,L)) functorially
associated to the composition of OS(S)-modules

(11) H0(ES ,LS)
ϕ′

−→ H0(ES , T
∗
xLS) → H0(ES , T−x,∗LS) = H0(ES ,LS).

The leftmost map ϕ′ of (11) is the map induced by the isomorphism LS → T ∗
xLS from (9) and the second

map of (11) is gotten from adjunction T ∗
xLS → T−x,∗LS of the canonical isomorphism T ∗

−xT
∗
xLS ∼= LS .

With the description of (10), it’s clear that Gm ⊂ ΘL acts on H0(E,L) under the above representation
via the canonical scaling action. Hence there is a commutative diagram of group k-schemes with exact rows

(12)

0 Gm ΘL E[n] 0

0 Gm GL(H0(E,L)) PGL(H0(E,L)) 0

ΨL

After choosing a basis for H0(E,L), and hence also a morphism φ : E → P(H0(E,L)) ∼= Pn−1 representing
the complete linear system of L, the rightmost vertical arrow in (12) has the interpretation that an S-point
x ∈ E[n](S) is sent to the unique S-automorphism τx of Pn−1

S which makes the diagram

ES Pn−1
S

ES Pn−1
S

φS

Tx τx

φS

commutative, cf. [O’N02, Proposition 2.1]. Moreover, by [O’N01, Theorem 2.5], the commutator pairing of
the central extension (8),

(13) eL : E[n](S)× E[n](S) → Gm(S) defined by eL(x, y) = [x̃, ỹ] := x̃ỹx̃−1ỹ−1

where x̃, ỹ ∈ ΘL(S) are arbitrary lifts of x, y ∈ E[n](S) respectively, coincides with the Weil pairing on E[n]
so long as char(k) ∤ n.

Definition 2.8. If L is a line bundle of degree n ≥ 2 on E, then we define the obstruction map corresponding
to L to be the connecting map in Galois cohomology

∆L : H1(Gk, E[n](ks)) → H2(Gk, (k
s)×)

associated to the central extension (8) of ΘL.

Among all possible obstruction maps coming from line bundles L on E, we specify a preferred one. Namely,
if L = O(p)⊗n. In this case we write Θn for ΘL, ∆n for ∆L, and we call ∆n the degree-n obstruction map.
The map ∆n has the following interpretation:

Proposition 2.9 ([CFO+08, Section 2]). Write π0(SBn)(k) for the set of isomorphism classes of Severi–
Brauer varieties of dimension n − 1 over k and pointed by the isomorphism class [Pn−1

k ]. Then there is a
commuting square

π0(E − SBn)(k) H1(Gk, E[n](ks))

π0(SBn)(k) H1(Gk,PGLn(k
s))

Ψ∗

where the left vertical arrow sends the class of a degree-n Severi–Brauer diagram [(C, µ, f : C → SB(A))] to
[SB(A)], the right vertical Ψ∗ is the pushforward along the map of (12) when L = O(p)⊗n, and the bottom
horizontal map is constructed by considering Severi–Brauer varieties of dimension n− 1 as twists of Pn−1

k .
Composing with the connecting map of the bottom row of (12) then gives a commuting square

π0(E − SBn)(k) H1(Gk, E[n](ks))

Br(k) H2(Gk, (k
s)×)

∆n

∼=
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where the left vertical arrow is similarly given by sending [(C, µ, f : C → SB(A))] to [SB(A)] ∈ Br(k). □

Corollary 2.10. Let k be a perfect field, let E/k be an elliptic curve, and let C be a curve with Pic0C
∼= E. For

any integer n ≥ 2, let Sn(C) ⊂ H1(Gk, E[n](ks)) denote the set of elements corresponding to degree-n Severi-
Brauer diagrams under E which include the curve C in their definition. Then Br(C/k) =

⋃
n≥2 ∆n(Sn(C)).

Proof. Clearly any Brauer class contained in the union
⋃
n≥2 ∆n(Sn(C)) is split by C and, hence, is contained

in Br(C/k). Conversely, if C splits a Brauer class α ∈ Br(k) then by the proof of Proposition 2.5 there is a
Severi–Brauer variety Y of dimension d− 1 (for some d) and a Severi–Brauer diagram (C, µ, f : C → Y ) of
degree d under E giving a class in ξ ∈ H1(Gk, E[d](ks)) with α = ∆d(ξ) by Proposition 2.2. □

Remark 2.11. The obstruction maps ∆L, having been defined via connecting maps in nonabelian group
cohomology, are only pointed maps and not group homomorphisms. In fact, if L is symmetric in the sense
of Mumford [Mum66, Section 2], i.e. L ∼= i∗L under the involution i : E → E defined by i(x) = −x,
then the map ∆L has the property that for any integer m ∈ Z and for any a ∈ H1(Gk, E[n](ks)) one has
∆L(ma) = m2∆L(a) (see [Zar74, §2] or use the diagram (∗)n in [Mum66, p. 308]).

Moreover, Zarkhin shows in [Zar74, §1, Theorem] that the map ∆L is related to the commutator pairing
eL from (13) in the following way. The composition

H1(Gk, E[n](ks))×H1(Gk, E[n](ks))
∪−→ H2(Gk, E[n](ks)⊗ E[n](ks))

eL∗−→ H2(Gk, (k
s)×),

of the cup product and induced pairing map, is symmetric and bilinear. The obstruction map ∆L relates to
this composition by the formula

(14) eL∗ (a ∪ b) = ∆L(a+ b)−∆L(a)−∆L(b).

Combined with the quadratic property above, this gives the relation eL∗ (a ∪ a) = 2∆L(a). In the case that
n ∈ Z is odd, this also gives ∆L(a) =

1
2e

L
∗ (a ∪ a). From now on, we will write en∗ when L = O(p)⊗n.

For any given degree-n line bundle L on E, the obstruction map ∆L for L can be determined from ∆n.
More generally, if we consider any continuous 1-cocycle ξ ∈ Z1(Gk, E[n](ks)) whose class in H1(Gk, E[n](ks))
defines the class of a degree-n Severi–Brauer diagram T ([ξ]) = [(C, µ, f : C → SB(A))] then, by twisting the
diagram (12) with L = O(p)⊗n, one gets a commutative ladder of group k-schemes with exact rows

(15)

0 Gm Θξ E[n] 0

0 Gm GL(A) PGL(A) 0.

Ψξ

To be precise, one works with the diagram (12) scalar extended to the separable closure ks of k and defines
a twisted action of Gk on each group k-scheme by:

• σ ∈ Gk acts on E[n]ks via the conjugation ξσ(σ(−))ξ−1
σ ; since E[n] is commutative, this action

reduces to the usual action of Gk on E[n]ks .

• By Hilbert’s theorem 90, for each σ ∈ Gk one can choose a lift ξ̃σ ∈ Θn(k
s) of ξσ ∈ E[n](ks);

now σ acts on (Θn)ks via the conjugation ξ̃σ(σ(−))ξ̃−1
σ . Since Gm is central in Θn, this action is

independent of the choice of lifts.
• σ ∈ Gk acts on GLn and on PGLn by conjugation as well, using the elements induced from ξσ and
ξ̃σ under the compositions Θn → GLn and E[n] → PGLn.

Galois descent then guarantees the existence of the diagram (15) defined over k.

Definition 2.12. For any continuous 1-cocycle ξ ∈ Z1(Gk, E[n](ks)), we call Θξ the ξ-twisted Theta group
associated to E[n] and we write

∆ξ : H
1(Gk, E[n](ks)) → H2(Gk, (k

s)×)

for the associated ξ-twisted obstruction map gotten as the connecting map in Galois cohomology associated
to the central extension of the top row in (15).

Remark 2.13. The group k-scheme Θξ is determined, up to isomorphism, by the class [ξ] ∈ H1(Gk, E[n](ks)).
The map ∆ξ also depends on just the class [ξ] ∈ H1(Gk, E[n](ks)). However, the procedure to construct the
twisted diagram (15) does depend on the choice of 1-cocycle ξ ∈ Z1(Gk, E[n](ks)).
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Remark 2.14. Let L be any fixed line bundle of degree n on E. Let ξ ∈ Z1(Gk, E[n](ks)) be a continuous
1-cocycle gotten from an explicit choice of splitting of the Severi–Brauer diagram (E,m,φ : E → Pn−1)
where φ is associated to the complete linear system of L. Then it’s shown in [CFO+08], in the exposition
immediately after Proposition 1.31, that the ξ-twisted diagram (15) is, up to a change of basis for H0(E,L),
the same as the diagram (12) associated to the line bundle L. In particular, ∆L = ∆ξ.

Proposition 2.15. Let ξ ∈ Z1(Gk, E[n](ks)) be a continuous 1-cocycle. The following diagram commutes

H1(Gk, E[n](ks)) H1(Gk, E[n](ks))

H2(Gk, (k
s)×) H2(Gk, (k

s)×).

+[ξ]

∆ξ ∆n

+∆n([ξ])

Hence ∆ξ(a) = ∆n(a+ [ξ])−∆n([ξ]) for all a ∈ H1(Gk, E[n](ks)).

Proof. This is a formal consequence of the twisting theory, see [KMRT98, Proposition (28.12)]. □

Corollary 2.16. Let E/k be an elliptic curve and let L be a degree-n line bundle on E. If there exists an
element a ∈ H1(Gk, E[n](ks)) with ∆L(a) = α ∈ Br(k), then there exists a principal homogeneous space C
for E which splits α. Further, there is some z ∈ H1(Gk, E[n](ks)) such that α = ∆n(z).

Proof. Let ξ : Gk → E[n](ks) be any continuous 1-cocycle gotten from the Severi–Brauer diagram (E,m,φ)
as in Remark 2.14. Then from Proposition 2.15 we have

α = ∆L(a) = ∆n(a+ [ξ])−∆n([ξ]).

From Proposition 2.9, we have ∆n([ξ]) = 0. Hence ∆n(a + [ξ]) = α and the claim follows by applying
Proposition 2.9 again. □

Remark 2.17. Another way to view Proposition 2.15 is as follows. Let ξ = (C, µ, f : C → SB(A)) be
a fixed degree-n Severi–Brauer diagram for E. Let π0(E − SBn)(k)ξ be the set of isomorphism classes of
degree-n Severi–Brauer diagrams over k and under E, considered as twists of ξ, and let π0(SBn)(k)ξ be
the set of isomorphism classes of Severi–Brauer varieties over k of dimension n − 1, considered as twists of
SB(A). Then, assuming either (F1) or (F2) of Proposition 2.2, there is a commuting diagram (see [KMRT98,
Functorality, p. 387] for the front-most square):

π0(E − SBn)(k)ξ π0(E − SBn)(k)

H1(Gk, E[n](ks)) H1(Gk, E[n](ks))

π0(SBn)(k)ξ π0(SBn)(k)

H1(Gk,PGL(A)(ks)) H1(Gk,PGLn(k
s)).

Sξ

S
+[ξ]

Ψξ∗

Ψ∗

The vertical arrows in this diagram can all be viewed as “forgetful” maps. The horizontal arrows can be
considered as taking an object, considered as a twist of ξ (or of SB(A)), and considering it instead as a twist
of the trivial degree-n Severi–Brauer diagram under E (or as a twist of Pn−1 respectively).

3. Compatibility with the Galois symbol

We continue to work over a fixed but arbitrary base field k. In this section, we choose an integer n ≥ 2
which is indivisible by the characteristic of the field k and we assume that E is an elliptic curve defined over
k admitting an isomorphism of group schemes ϕn : E[n] ∼= Z/nZ× µn. Such an isomorphism ϕn is called a
full level-n structure on E[n].

Let t ∈ E[n](k) be such that ⟨ϕ(t)⟩ = Z/nZ× 1. Write L = O(t+ 2t+ · · ·+ (n− 1)t+ nt) for the degree
n line bundle on E gotten by summing all n prime divisors corresponding to points in the cyclic subgroup
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of E[n](k) generated by t. For simplicity of notation, we write ∆t for the obstruction map of Definition 2.8
associated to the bundle L. Note both L and ∆t are independent of the choice of generator for ⟨t⟩ ⊂ E[n](k).

Remark 3.1. We can relate the the obstruction map ∆t to ∆n using Proposition 2.15. Using Remark 2.4,
the two obstruction maps are equal precisely when there exists an isomorphism L ∼= O(q)⊗n for some point
q ∈ E(k). If n is odd, then one can check L ∼= O(p)⊗n where p ∈ E(k) is the identity. If n is even, then since

O(t+ 2t+ · · ·+ nt) ∼= O((t− p) + (2t− p) + · · ·+ (nt− p))⊗O(p)⊗n

∼= O
(
n(n− 1)

2
(t− p)

)
⊗O(p)⊗n

∼= O
(n
2
t
)
⊗O(p)⊗n−1

we find that L ∼= O(q)⊗n for some point q ∈ E(k) whenever there exists a point q ∈ E(k) such that n
2 t = nq.

If there is a point q ∈ E[2n](k) with 2q = t, then this latter equality certainly holds. Hence, if n is odd or if
n is even and there exists q ∈ E[2n](k) with 2q = t then ∆t = ∆n.

Antieau and Auel [AA21, Proposition 2.13 and Proposition 2.14] have given an explicit description for
the obstruction map ∆t in terms of cyclic algebras; their proof uses a characterization of this functorial
transformation as a Brauer class on the classifying stack of E[n]. However, in the case when k contains a
primitive nth root of unity, this description had been obtained earlier by Clark and Sharif [CS10, Theorem
10 and Lemma 11] using Galois cohomology. Here we generalize the proof of Clark and Sharif, still using
Galois cohomology, in order to deduce the result of Antieau and Auel; by doing so, we’re also able to simplify
the description of [AA21, Proposition 2.14] in the case that E[2n] has full level-2n structure.

3.1. Galois symbols and cyclic algebras. For an arbitrary integer n ≥ 1, for any Galois (Z/nZ)-algebra L
over k, and for any unit a ∈ k× one can construct the cyclic central simple k-algebra (L, a). By construction,
the algebra (L, a) is generated by L and a single element z with multiplication zn = a and zb = ρ(b)z
for any b ∈ L and with ρ = 1 ∈ Z/nZ. When k contains a primitive nth root of unity, we can identify
L ∼= k( n

√
c)⊕d for some c ∈ k× with exact order n/d in the group k×/k×n for some divisor d of n. There is

then a generator σ ∈ Gal(k( n
√
c)/k) with σ( n

√
c) = ζn/d

n
√
c, for some primitive (n/d)th root of unity ζn/d,

such that the Z/nZ-algebra structure on L is given by

ρ(x1, ..., xd) = (σ(xd), x1, ..., xd−1)

for ρ = 1 ∈ Z/nZ. In this case we’ll write (c, a)n for the algebra (L, a) and call it the degree-n symbol algebra
associated to the pair a, c ∈ k×.

One can give an alternative, cohomological description of the cyclic central simple k-algebra (L, a) when
n is indivisible by the characteristic of the base field k as follows. First, one can identify a with its class
in k×/k×n ∼= H1(Gk, µn(k

s)) and L with a character χ : Gk → Z/nZ via [KMRT98, (28.15) Example].
Taking the cup product of the associated classes χ ∈ H1(Gk,Z/nZ) and [a] ∈ H1(Gk, µn(k

s)) yields a class
in H2(Gk, µn(k

s)) ⊂ H2(Gk, (k
s)×). If one identifies the latter group with Br(k) via the crossed-product

construction, then there is an equality

χ ∪ [a] = [(L, a)] ∈ Br(k).

We recommend [KMRT98, §30.A] for proofs of these facts and more.

Definition 3.2. We define the degree-n Galois symbol associated to a character χ ∈ H1(Gk,Z/nZ) and
a ∈ k× to be the cup product χ ∪ [a] ∈ H2(Gk, (k

s)×). We’ll write [χ, a)n for this symbol.

Remark 3.3. Identifying H2(Gk, (k
s)×) with Br(k) via the crossed product construction is the negative of

the inverse of the map used in Proposition 2.9.

Galois symbols of varying degrees are often related in several ways. One such way that we will use later
is the following:

Lemma 3.4. Let m ≥ 1 be an integer indivisible by the characteristic of k. Let χ ∈ H1(Gk,Z/nZ) correspond
to the Galois (Z/nZ)-algebra L over k, and let b ∈ k× be any element. Then there exists a natural Galois
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(Z/nmZ)-algebra structure on L×m = L× · · · × L corresponding to the character m ◦ χ ∈ H1(Gk,Z/nmZ),
where m : Z/nZ → Z/nmZ is the inclusion-by-m map, and an equality

[χ, b)n = [m ◦ χ, b)nm
inside H2(Gk, (k

s)×).

Proof. Let σ = 1 ∈ Z/nmZ. Then the action of σ on L×m is defined as follows

σ(a1, ..., am) = (σ̄(am), a1, ..., am−1)

where σ̄ = 1 ∈ Z/nZ. One checks that this makes L×m a Galois (Z/nmZ)-algebra and hence it corresponds
to a character χ′ ∈ H1(Gk,Z/nmZ). Following [KMRT98, (28.15) Example], one can also check that this
character is χ′ = m ◦ χ.

To see that [χ, b)n = [χ′, b)nm, we will show that the associated algebras in Br(k) are Brauer equivalent
via the crossed-product map. Let (L×m, b) be generated by L×m and an element z such that znm = b and
let (L, b) be generated by L and an element w with wn = b. Then there is an isomorphism

φ : (L×m, b) ∼=Mm((L, b))

defined on L×m as
φ(⃗a) = diag(a1, ..., am) for all a⃗ = (a1, ..., am) ∈ L×m

and on the element z as

φ(z) =


0 · · · 0 w
1 · · · 0 0
...

. . .
...

...
0 . . . 1 0

 .

One can check directly that φ(z)nm = b · Idm×m and φ(σ(⃗a))φ(z) = φ(z)φ(⃗a), so the map is well-defined.
The map φ is therefore an isomorphism for dimension reasons. □

3.2. The obstruction map ∆t. Now assume that n ≥ 2 is an integer indivisible by the characteristic of
the base field k. Suppose also that we have an isomorphism of group schemes ϕn : E[n] ∼= Z/nZ × µn. We
fix throughout this subsection a primitive nth root of unity ζn ∈ ks. There are then points t, s ∈ E[n](ks)
such that ϕn(t) = (1, 1) and ϕn(s) = (0, ζn). Let L = O(t+ · · ·+nt) be the associated line bundle and write
ζcn = eL(t, s) for the primitive nth root of unity gotten from the Weil pairing of E[n] by (13). Note that we
will have c ̸≡ 1 (mod n) in general.

Lemma 3.5. Let δs be the composition of ι∗ and ∆t,

δs := ∆t ◦ ι∗ : H1(Gk, µn(k
s))

ι∗−→ H1(Gk, E[n](ks))
∆t−−→ H2(Gk, (k

s)×)

where ι is the composition

ι : µn ≃ 0× µn
ϕ−1
n−−→ E[n].

Then the following statements hold:

(R1) δs is natural with respect to restrictions along separable subfields ks ⊃ F ⊃ k.
(R2) δs is a group homomorphism.
(R3) For any element b ∈ H1(Gk, µn(k

s)) we have 2δs(b) = 0.

Proof. The meaning of (R1) is that δs and the analogously defined map defined over a separable extension
F/k contained in ks forms a commutative square with respect to restrictions. This follows from the fact that
the inclusion H1(Gk, µn(k

s)) → H1(Gk, E[n](ks)) is induced by a morphism of group schemes together with
the same compatibility statement for ∆t. For ∆t, this compatibility similarly follows from the fact that the
central extension (8) is an extension of group schemes.

For (R2), we can note by Remark 2.11 that

eL∗ (ι∗(a) ∪ ι∗(b)) = δs(a+ b)− δs(a)− δs(b)

for any a, b ∈ H1(Gk, µn(k
s)). However, since the Weil pairing is alternating we have eL∗ (ι∗(a) ∪ ι∗(b)) = 0.

Finally, (R3) follows from the fact that δs is both a homomorphism and quadratic:

4δs(b) = δs(2b) = δs(b+ b) = δs(b) + δs(b)
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which holds for any b ∈ H1(Gk, µn(k
s)). □

Theorem 3.6. Let eL(•,−) : E[n] → E[n]∨ denote the isomorphism of group schemes induced by the Weil
pairing (13) which assigns to a point z ∈ E[n](ks) the functional eL(z,−) : E[n](ks) → µn(k

s). Denote by
ev ◦ (ϕ−1

n )∨ : E[n]∨ ∼= µn × Z/nZ the isomorphism of group schemes composing the dual of ϕ−1
n with the

evaluation at ϕn(t) and logζcn of the evaluation at ϕn(s). Then the obstruction map ∆t fits into the following
commuting diagram.

(16)

H1(Gk, E[n](ks)) H1(Gk, E[n]∨(ks)) H1(Gk, µn(k
s))×H1(Gk,Z/nZ)

H1(Gk,PGLn(k
s)) H1(Gk, µn(k

s))×H2(Gk, µn(k
s))

H2(Gk, (k
s)×)

eL(•,−)∗

ΨL∗

ev◦(ϕ−1
n )∨∗

(id∗,∪)

∂

(b,a)7→a+δs(b)

Equivalently, if for an element ξ ∈ H1(Gk, E[n](ks)) the push-forward (ϕn)∗(ξ) corresponds to a character
χ ∈ H1(Gk,Z/nZ) and a class [b] ∈ k×/k×n ∼= H1(Gk, µn(k

s)) then we have

∆t([ξ]) = c[χ, b)n + δs([b])

where c ∈ Z is such that ζcn = eL(t, s).

Proof. We can check this directly at the level of cocycles. To start, let ξ : Gk → E[n](ks) be any continuous
1-cocycle with class [ξ] ∈ H1(Gk, E[n](ks)). We’ll write Mt,Ms ∈ GLn(k

s) for lifts of the elements ΨL(t)
and ΨL(s), respectively, under the map ΨL : E[n](ks) → PGLn(k

s). Note that, by Hilbert’s theorem 90 and
because t ∈ E[n](k) is defined k-rationally, we can choose Mt ∈ GLn(k). Further, by [O’N01, Corollary 2.8]
we can arrange so that Mn

t = Idn×n. We then define lifts of the elements at+ bs ∈ E[n](ks) for any pair of
integers 0 ≤ a, b < n by setting Mat+bs :=Ma

t ·M b
s .

For any σ ∈ Gk, write ξ(σ) = aσt+ bσs for integers 0 ≤ aσ, bσ < n. Under the isomorphism

(ϕn)∗ : H1(Gk, E[n](ks))
∼−→ H1(Gk,Z/nZ)×H1(Gk, µn(k

s))

we have (ϕn)∗([ξ]) = ([α], [β]) where α(σ) = aσ and β(σ) = ζbσn . Following the definition of ∂ ◦ΨL∗ applied
to ξ then yields the following 2-cocycle

∂ ◦ΨL∗(ξ)(σ, τ) =Mξ(σ) · σ(Mξ(τ)) · (Mξ(στ))
−1

= (Maσ
t M bσ

s ) · σ(Maτ
t ·M bτ

s ) · (M−bστ
s M−aστ

t )

= (Maσ
t M bσ

s ) ·Maτ
t σ(M bτ

s ) · (M−bστ
s M−aστ

t )

for any σ, τ ∈ Gk.
Since both M bστ

s and M bσ
s ·σ(M bτ

s ) lift ΨL(ϕ
−1
n (β(στ))) ∈ PGLn(k

s), there exists a constant dσ,τ ∈ (ks)×

such that

M bστ
s = dσ,τ ·M bσ

s σ(M bτ
s ).

Note that this also implies (1/dσ,τ ) = ∂ ◦ΨL∗((ϕn)
−1
∗ (0, [β]))(σ, τ). Moreover, by the commutativity of (12),

we get

(17) (1/dσ,τ ) = ∂ ◦ΨL∗((ϕn)
−1
∗ (0, [β]))(σ, τ) = δs([β])(σ, τ).

Plugging this into the above gives

∂ ◦ΨL∗(ξ)(σ, τ) = (Maσ
t M bσ

s ) ·Maτ
t σ(M bτ

s ) · (M−bστ
s M−aστ

t )

= (1/dσ,τ ) · (Maσ
t M bσ

s ) ·Maτ
t σ(M bτ

s ) · (σ(M−bτ
s ) ·M−bσ

s M−aστ
t )

= (1/dσ,τ ) ·Maσ
t M bσ

s ·Maτ
t ·M−bσ

s M−aστ
t

= (1/dσ,τ ) ·Maσ
t · (Maτ

t M−aτ
t ) ·M bσ

s Maτ
t M−bσ

s M−aστ
t

= (1/dσ,τ ) ·Maσ
t Maτ

t · (M−aτ
t ·M bσ

s ·Maτ
t ·M−bσ

s ) ·M−aστ
t

= (1/dσ,τ ) · eL(−aτ t, bσs) ·Maσ
t Maτ

t M−aστ
t
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Now we always have Maσ
t Maτ

t M−aστ
t = Idn×n. This is clear if aσ + aτ < n and holds by our assumption

Mn
t = Idn×n when aσ + aτ ≥ n. Altogether, we find that

(18) ∂ ◦ΨL∗(ξ)(σ, τ) = (1/dσ,τ ) · eL(−aτ t, bσs) = (1/dσ,τ ) · (ζcn)
−aτ bσ

for ∂ ◦ΨL∗((ϕn)
−1
∗ (0, [β]))(σ, τ) = (1/dσ,τ ) ∈ (ks)×.

Keeping the notation above and going the other way around the diagram starts by

ev ◦ (ϕ−1
n )∨∗

(
eL(•,−)∗(ξ)

)
(σ) = ev ◦ (ϕ−1

n )∨
(
eL(aσt+ bσs,−)

)
=

(
eL(aσt+ bσs, t), logζcn

(
eL(aσt+ bσs, s)

))
= ((ζcn)

−bσ , aσ)

so that ev ◦ (ϕ−1
n )∨∗

(
eL(•,−)∗(ξ)

)
= ([β]−c, [α]). The cup-product in this case is the composition

(19) ∪ : H1(Gk, µn(k
s))×H1(Gk,Z/nZ)

∪⊗−−→ H2(Gk, µn(k
s)⊗Z Z/nZ) → H2(Gk, µn(k

s)).

Here the first map is given, for any σ, τ ∈ Gk, by

([β]−c ∪⊗ [α])(σ, τ) = ζ−cbσn ⊗ σaτ = ζ−cbσn ⊗ aτ .

The second map in (19) is multiplication, so

([β]−c ∪ [α])(σ, τ) = (ζcn)
−bσaτ .

The graded-commutativity of the cup-product implies that this is the same as [α]∪ [β]c. Finally, we observe
from (18) and (17) that

∂ ◦ΨL∗(ξ) = [α] ∪ [β]c + δs([β]) = c([α] ∪ [β]) + δs([β])

as claimed in the theorem statement. □

Recall that there is a bilinear determinant pairing

(20) det : (Z/nZ× µn)× (Z/nZ× µn) → µn det((a, ζ), (b, ξ)) = ξaζ−b.

We say that ϕn : E[n] ∼= Z/nZ × µn is a symplectic full level-n structure if the determinant pairing agrees
with that of (13) above under ϕn, i.e.

(21) eL(x, y) = det(ϕn(x), ϕn(y))

for all x, y ∈ E[n](ks).
Since n is indivisible by the characteristic of k, the Weil-pairing (13) induces an isomorphism ofGk-modules∧2
E[n](ks) ∼= µn(k

s). Similarly, the determinant induces an isomorphism
∧2

(Z/nZ × µn(k
s)) ∼= µn(k

s).
By definition, the composition

(22) Φn : µn(k
s) ∼=

2∧
E[n](ks)

∧2 ϕn(k
s)−−−−−−→

2∧
(Z/nZ× µn(k

s)) ∼= µn(k
s)

is the identity if and only if ϕn is symplectic. By a direct check, we have Φn(ζ
c
n) = ζn. Hence c ≡ 1 (mod n)

if and only if ϕn is symplectic. Thus we’ve shown:

Corollary 3.7 (cf. [AA21, Propositions 2.13 and 2.14]). Let ϕn : E[n] ∼= Z/nZ × µn be a symplectic full
level-n structure. Let ξ ∈ H1(Gk, E[n](ks)) be any element. Then we have

∆t([ξ]) = [χ, b)n + δs([b])

where (ϕn)∗([ξ]) = (χ, [b]) ∈ H1(Gk,Z/nZ)×H1(Gk, µn(k
s)). □

Remark 3.8. Given an arbitrary full level-n structure ϕn : E[n] ∼= Z/nZ×µn, there is always an automorphism
of the group scheme Z/nZ× µn which will yield a symplectic full level-n structure on composition with ϕn.
Specifically, if the map Φn from (22) above is exponentiation by some 1/c ∈ (Z/nZ)× then the composition

E[n]
ϕ−→ Z/nZ× µn

c×Id−−−→ Z/nZ× µn

is a symplectic full level-n structure.
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Corollary 3.9. Keep the notation of Theorem 3.6. If n is odd, then δs([b]) = 0 and thus ∆t([ξ]) = c[χ, b)n.
On the other hand, if n is even, then δs([b]) = [σ, b)2 for some σ ∈ H1(Gk,Z/2Z). In this case we have

∆t([ξ]) = c[χ, b)n + [σ, b)2 = [c · χ+ (n/2) ◦ σ, b)n
where (n/2) : Z/2Z → Z/nZ is the inclusion-by-(n/2) map. In particular, the obstruction ∆t([ξ]) is cyclic.

Proof. If n is odd, then H2(Gk, µn(k
s)) is n-torsion while δs([b]) is 2-torsion by Lemma 3.5. If n is even, on

the other hand, then let L = k(
√
b) be the field extension adjoining a square root of b to k and write GL for

the absolute Galois group of L. Note that this field extension makes sense as, by our assumptions, when n
is even we are assuming that the characteristic of k is not 2.

We have the following commutative diagram from Lemma 3.5.

H1(GL, µn(L
s)) H2(GL, µn(L

s))

H1(Gk, µn(k
s)) H2(Gk, µn(k

s))

δs

δs

resLk resLk

Now

resLk (δs([b])) = δs(res
L
k ([b])) = δs([b]) = 2δs([

√
b]) = 0.

Having L/k as a splitting field shows that δs([b]) ∈ H2(Gk, µn(k
s)) represents a quaternion algebra inside the

Brauer group Br(k), see [GS17, Proposition 2.5.3]. Since the characteristic is not 2, there is an isomorphism
of group schemes µ2

∼= Z/2Z in this case and so the Galois symbol is symmetric. We may therefore write
δs([b]) = [σ, b)2 for some σ ∈ H1(Gk,Z/2Z). The rest follows from Lemma 3.4. □

Finer information than Theorem 3.6 is possible if one knows beforehand that E[2n] also admits a full
level-2n structure ϕ2n : E[2n] ∼= Z/2nZ× µ2n.

Theorem 3.10. Suppose that E[2n] admits a full level-2n structure ϕ2n : E[2n] ∼= Z/2nZ × µ2n which
induces the full level-n structure ϕn : E[n] ∼= Z/nZ× µn, i.e. assume that the diagram below is commutative

E[2n] Z/2nZ× µ2n

E[n] Z/nZ× µn

ϕ2n

qE q×p2
ϕn

where q : Z/2nZ → Z/nZ is the quotient map, p2 : µ2n → µn is the squaring map, and qE : E[2n] → E[n] is
the multiplication-by-2 quotient. Fix also a primitive 2nth root of unity ζ2n with ζ22n = ζn.

Then δs([b]) = 0 for all [b] ∈ k×/k×n ∼= H1(Gk, µn(k
s)).

Proof. The case when n is odd is covered by Corollary 3.9 so we may assume that n ≥ 2 is even throughout
the proof. Let t′, s′ ∈ E[2n](ks) be such that ϕ2n(t

′) = (1, 1) and ϕ2n(s
′) = (0, ζ2n). Let d ∈ Z be such that

ζd2n = e2n(t′, s′). There is then a symplectic full level-2n structure ϕ′2n fitting into the commutative triangle

Z/2nZ× µ2n

E[2n] Z/2nZ× µ2n.

(1/d)×Id
ϕ′
2n

We’re going to use the following diagram.

(23)

H1(Gk,Z/2nZ)×H1(Gk, µ2n(k
s)) H1(Gk, E[2n](ks)) H2(Gk, (k

s)×)

H1(Gk,Z/nZ)×H1(Gk, µn(k
s)) H1(Gk, E[n](ks)) H2(Gk, (k

s)×)

( 1
d◦q)∗×(p2)∗

(ϕ′
2n

−1)∗

qE∗

∆2n

·2
(ϕ−1

n )∗ ∆t

The left square (23) is commutative by assumption and the right square of (23) is commutative due to the
diagram [Mum66, (∗∗∗)n on p. 310] and the fact that L⊗2 = O(p)⊗2n.
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Now fix any element b ∈ k× and let x ∈ H1(Gk, E[n](ks)) be such that (ϕn)∗(x) = (0, [b]). Note that the
following diagram is commutative

k×/k×2n k×/k×n

H1(Gk, µ2n(k
s)) H1(Gk, µn(k

s))

[b]7→[b]

(p2)∗

where the vertical arrows are the Kümmer isomorphisms. It follows that (p2)∗ is surjective and, hence, there
exists an element y ∈ H1(Gk, E[2n](ks)) such that (ϕ′2n)∗(y) = (0, [b]), i.e. so that qE∗(y) = x. Then

2 ·∆2n(y) = ∆t(x) = d[0, b)n + δs([b]) = δs([b])

with the second to last equality coming from Theorem 3.6. (The factor d multiplying [0, b)n is irrelevant
since [0, b)n = 0 but, it comes from the fact that

eL(t, s) = eL(2t′, 2s′) = e2n(2t′, s′) = e2n(t′, s′)2 = ζ2d2n = ζdn

by [Mum70, (4) on p. 228].)
Finally, by Remark 2.11 and [AA21, Lemma 2.12] one finds

2 ·∆2n(y) = e2n∗ (y ∪ y) = 2[0, b)2n = 0.

Hence δs([b]) = 0 for all b ∈ k× as claimed. □

3.3. Splitting cyclic algebras. In this subsection, we utilize the above results to give some interesting
examples of genus one curves either splitting or embedding in Severi–Brauer varieties.

Theorem 3.11. Let k be an arbitrary field. Let F be a perfect field containing an algebraic closure k of k.
Let E/k be any elliptic curve and let A/F be any central simple F -algebra.

Then there exists a principal homogeneous space C for EF splitting A if and only if A is Brauer equivalent
to a cyclic central simple F -algebra.

To cover the case when the characteristic of F is p > 0, we need the following lemma:

Lemma 3.12. Suppose that F is a perfect field of characteristic p > 0. Let E be an elliptic curve over F .
Let A be a central simple F -algebra with associated Severi–Brauer variety X = SB(A).

Then there exists a principal homogeneous space C for E which splits A if and only if either of the following
conditions hold:

(1) A is split, i.e. A ∼=Mn(F ) and X ∼= Pn−1 for some n ≥ 1;
(2) or there exists a principal homogeneous space C ′ for E, an integer m coprime to p, and a degree-m

Severi–Brauer diagram (C ′, µ′, f ′ : C ′ → Z) under E with Z Brauer equivalent to X.

Proof. One direction is obvious. Also, if A is split then E clearly splits A. Suppose then that C splits A and
that A is a nonsplit central simple F -algebra. By the proof that (A1) implies (A3) in Proposition 2.5 (which
did not depend on the hypothesis dim(X) ≥ 3) there exists an integer n ≥ 2 and a degree-n Severi–Brauer
diagram ξ = (C, µ, f : C → Y ) for a Severi–Brauer variety Y that’s Brauer equivalent to X. Since F is
perfect, there are no nontrivial central simple F -algebras of p-primary index [CTS21, Theorem 1.3.7]. We
can therefore write n = dpr where d, r ∈ Z are such that gcd(d, p) = 1 and d is a multiple of the index of A.
Let [ξ] ∈ H1(GF , E[n](F s)) be the equivalence class of ξ under the bijection of Proposition 2.2.

Let e ≥ 1 be an integer such that epr ≡ 1 (mod exp(A)). We will use the commutative diagram below.

(24)

H1(GF , E[n](F s)) H2(GF , (F
s)×)

H1(GF , E[ne](F s)) H2(GF , (F
s)×)

H1(GF , E[de](F s)) H2(GF , (F
s)×)

∆n

ϵ ·e

∆ne

η ·pr

∆de

The top square of (24) results from the diagram [Mum66, (∗∗)n on p. 309] and the bottom square of (24) from
the diagram [Mum66, (∗∗∗)n on p. 310]. Note that in [Mum66] Mumford assumes that the characteristic of
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the base field is coprime to the degree of the torsion subgroup of E only in order to define the associated
Theta group; by the characteristic free work of [Mum70, §23], this assumption can safely be removed.

We get from (24) the equalities

[A] = epr · [A] = epr ·∆n([ξ]) = ∆de(η(ϵ([ξ])))

inside of H2(GF , (F
s)×). Hence by Proposition 2.9 there exists a curve C ′ with Jacobian Pic0C′ = E and an

equivalence class of a degree-de Severi–Brauer diagram η(ϵ([ξ])) = [(C ′, µ′, f ′ : C ′ → Z)] for E as claimed. □

Proof of Theorem 3.11. Suppose that C is a principal homogeneous space for EF splitting the central simple
F -algebra A. Then by Proposition 2.5, there exists a degree-n Severi–Brauer diagram ξ = (C, µ, f : C → Y )
under EF for a Severi–Brauer variety Y Brauer equivalent to X = SB(A). By Lemma 3.12, we may assume
that n is coprime to the characteristic of F so long as we possibly also replace the Severi–Brauer diagram.
Hence, we may assume that ξ defines a class [ξ] ∈ H1(GF , EF [n](F

s)).
Since E is defined over k, and since F contains an algebraic closure k of k, we have that E[n](k) = E[n](F ).

In particular, there is a full level-n structure ϕn : E[n] ∼= Z/nZ × µn. Corollary 3.9 then implies that A is
Brauer equivalent to a degree-n cyclic algebra. □

Example 3.13. Using Theorem 3.11, we can now give examples of elliptic curves E and of algebras A such
that no principal homogeneous space for E splits A. Let k be any field of characteristic zero, and let L be
any field containing an algebraic closure k of k. Let F = L((t1))((t2))((t3))((t4)) and let A/F be the tensor
product degree-n symbol algebras (t1, t2)n ⊗F (t3, t4)n for any primitive nth root of unity ζn ∈ F . Then, as
we show below, A is not split by any cyclic extension of F and, so, A is not Brauer equivalent to any cyclic
algebra over F . Therefore, for any elliptic curve E/k it follows that there are no principal homogeneous
spaces for EF /F which split A/F . Note also that one can choose L/k so that EF /F has infinitely many
nontrivial principal homogeneous spaces of period n2.

It remains to prove that A is not split by any cyclic extension of F . The following proof was explained to
the authors by Adrian Wadsworth, for which we are very grateful. Any errors are now our own. First, note
that it suffices to prove the analogous claim when L is algebraically closed. The field F can be equipped
with the iterated composite valuation vF : F× → Z⊕4 defined so that

vF (t
m1
1 tm2

2 tm3
3 tm4

4 ) = (m1,m2,m3,m4) for all m1,m2,m3,m4 ∈ Z.

Here the value group ΓF = Z⊕4 is given the reverse (right-to-left) lexicographic ordering. The valuation vF
is Henselian [TW15, Example A.16] and so it extends to a unique valuation vA on the division algebra A by
[TW15, Corollary 1.7]. As L is assumed algebraically closed, the algebra A is totally ramified over F with

value group ΓA =
(
1
nZ

)⊕4 ⊃ ΓF . One can also define a canonical nondegenerate alternating pairing

ΦA : (ΓA/ΓF )× (ΓA/ΓF ) → µn(L),

by taking commutators of lifts of the corresponding elements in A, which determines A up to isomorphism.
Any finite field extension K/F inherits a unique valuation vK extending vF as well and, if K/F is Galois,

then Gal(K/F ) ∼= ΓK/ΓF since K is totally ramified over F . Now the algebra B := A⊗F K is split if and
only if ((ΓA ∩ ΓK)/ΓF )

⊥ is contained in ΓK/ΓF by [TW15, Corollary 7.82]. Here the intersection ΓA ∩ ΓK
is taken inside the divisible hull of ΓF and the orthogonal is taken with respect to ΦA.

If K is cyclic, then ΓK/ΓF is a finite cyclic group. It follows that (ΓA∩ΓK ⊂ ΓK)/ΓF must be cyclic too.
Hence ((ΓA ∩ΓK)/ΓF )

⊥ has order greater or equal n3 but exponent n. In other words, ((ΓA ∩ΓK)/ΓF )
⊥ is

contained in no cyclic group and so B is not split.

In Remark 2.6 we gave examples of smooth genus one curves embedded inside Severi–Brauer varieties
which could not be realized as geometrically elliptic normal curve inside the same Severi–Brauer variety.
Here we give an example of an elliptic curve which appears as the Jacobian of a smooth genus one curve
embedded inside a Severi–Brauer variety which does not admit any principal homogeneous spaces embedding
as a geometrically elliptic normal curve into this same Severi–Brauer variety.

Theorem 3.14. Let k = Q2 and F = Q2((t)). Let A be a division algebra with degree deg(A) = 4 over k.
Let B be the division F -algebra underlying the tensor product AF ⊗F (−1, t)2. Then there exists an elliptic
curve E over F such that

[B] /∈ Im
(
∆4 : H1(GF , E[4](F s)

)
→ H2(GF , (F

s)×)
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and

[B] ∈ Im
(
∆8 : H1(GF , E[8](F s)) → H2(GF , (F

s)×)
)

where we write GF = Gal(F s/F ) is the absolute Galois group of F .
In other words, there does not exist a principal homogeneous space for E of period dividing 4 which admits

an embedding in X = SB(B) as a curve of degree 4 but, there does exist a principal homogeneous space for
E of period dividing 8 which embeds in X as a curve of degree 8.

Proof. We first consider the (smooth and projective) modular curve X(8) defined over Q. The modular curve
X(8) is a compactification of the smooth affine curve Y (8) which is the fine moduli space parametrizing pairs
(E, ϕ8) of elliptic curves E with a full symplectic level-8 structure ϕ8.

It’s known that there is at least one Q-rational point in the complement X(8) \ Y (8), i.e. a rational cusp.
Hence X(8)k contains at least one smooth rational k-point p. If we write K = k(X(8)k) for the function
field of X(8)k, then it follows that this smooth k-point p defines a valuation v on K for which the completion
Kv is isomorphic with F . We take the elliptic curve E to be the elliptic curve in the pair (E, ϕ8) associated
to this F -point.

The algebra B has been considered by Brussel in [Bru20]. There it’s shown that B is a noncyclic F -algebra
of degree 4, [Bru20, Theorem 3.2], and that B has a cyclic splitting field of degree 8, [Bru20, Remark 3.3].
Now, by Remark 3.1, we have ∆4 = ∆t for any point t ∈ E[4](F ) of exact order 4. By Theorem 3.6 and
Corollary 3.9, we have [B] /∈ Im(∆4) since B is not itself cyclic.

On the other hand, if t′ ∈ E[8](F ) is a point of exact order 8, then [B] ∈ Im(∆t′) because any degree-8
Galois symbol can be realized in the expression of Corollary 3.9 and M2(B) is cyclic. By Corollary 2.16, it
then follows that [B] ∈ Im(∆8) as claimed. □

Remark 3.15. The embedding provided by Theorem 3.14 has the smallest non-minimal degree possible among
all embeddings of genus one curves into X. Indeed, if a genus one curve embeds in X, then it also embeds
as a geometrically elliptic normal curve into some Severi–Brauer variety Y that’s Brauer equivalent to X.
Hence the degree of C is some multiple of the index of X.

Remark 3.16. The construction of Theorem 3.14 is minimal in the sense that no such examples exist over
any p-adic number field, so the completion with respect to the transcendental variable t is needed. In fact,
for any elliptic curve E over any p-adic number field k, if E admits a principal homogeneous space splitting a
Severi–Brauer variety X of index d ≥ 3 over k, then E admits a principal homogeneous space which embeds
as a geometrically elliptic normal curve into every Severi–Brauer variety Brauer equivalent to X.

Indeed, by Roquette’s theorem [Roq66, Theorem 1] a Severi–Brauer variety X over such a p-adic field k
is split by a genus one curve C if and only if the index of X divides the index of C. Suppose then that E is
an elliptic curve admitting a principal homogeneous space C which splits a Severi–Brauer variety X of index
d ≥ 3. It follows that the index of C is divisible by d. By [Lic68, Theorem 7], the period and index of C are
equal so that there exists a principal homogeneous space C ′ for E of period and index equal to d. Again by
Roquette’s theorem we know that C ′ splits X and hence (cf. Proposition 2.5) there exists a Severi–Brauer
variety Y which is Brauer equivalent to X and of dimension m − 1 for some m divisible by d such that C ′

embeds in Y of degree m.
Let p ∈ PicmC′(k) be the point corresponding to the above embedding. Since C ′ has index d, we can also

consider a point q ∈ PicdC′(k) corresponding to a line bundle associated to a Weil divisor of degree d on C ′.
Let m = de for some e ≥ 1. If e = 1, then already C ′ can be realized as a geometrically elliptic normal curve
inside every Severi–Brauer variety Brauer equivalent to X by taking the embeddings corresponding to the
points p + rq varying over all integers r ≥ 0. If e > 1, then consider the point t = p − (e − 1)q ∈ PicdC′(k).
Varying over integers r ≥ 0, the points t+rq also allow one to realize C ′ embedded as a geometrically elliptic
normal curve inside any Severi–Brauer variety Brauer equivalent to X, proving the claim.

Remark 3.17. In [AA21], Antieau and Auel show that over a global field base one may split central simple
algebras of certain small degrees if one is willing to enlarge the base by various subfields of cyclotomic field
extensions of the base. A simpler argument shows that, very similarly, one may split cyclic algebras over
fields containing a p-adic field if one is willing to possibly adjoin certain roots of unity to the base field.

To illustrate this, let n > 1 be any integer, let p be a prime not dividing n, and let E be an elliptic curve
defined over the finite field Fp. Then there is an extension Fq of Fp such that E[n](Fq) = E[n](Fp). More
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precisely, if n =
∏
i p
ri
i is a prime factorization of n, then one can take q = pr for some r such that

r

∣∣∣∣∏
i

(pri−1
i )4(p2i − 1)(p2i − pi) = #GL2(Z/nZ).

If k = Qp(ζpr−1) for a primitive (pr − 1)th root of unity ζpr−1, then for any field F/k, every cyclic central
simple F -algebra of degree n contains a smooth genus one curve.

Indeed, the modular curve X(n), which is defined over Spec(Z[1/n]), contains an Fq-point corresponding
to the elliptic curve E above. By Hensel’s lemma, this implies X(n) also contains a k-point corresponding
to an elliptic curve E′ over k with full level-n structure. Hence, by Corollary 3.9, any cyclic degree-n central
simple algebra can be split over any field extension F of k.

The above procedure will essentially always give a very crude bound, and such a large extension of the
base won’t be necessary to get the same effect. For example, if p is large relative to n then the modular curve
X(n) will already have an Fp-point corresponding to an elliptic curve E will full level-n structure due to the
Hasse-Weil bound (one notes that the number of cusps on X(n)Fp

is bounded independently of the prime p,
so for large enough p there must be a noncuspidal Fp-point). Hensel’s lemma then implies that there is an
elliptic curve E′ with full level-n structure defined over Qp so long as p is sufficiently large. Hence any cyclic
degree-n central simple algebra over any field containing such a p-adic local field will automatically contain
a smooth curve of genus one by Corollary 3.9.

4. Conjugation

Let E be an elliptic curve defined over a base field k. If all of the n-torsion points of E are defined over k,
for an integer n ≥ 2 indivisible by the characteristic of the base field, then the absolute Galois group Gk acts
trivially on E[n] and there is an isomorphism H1(Gk, E[n](ks)) ∼= (k×/k×n)⊕2. That is to say, combined
with Corollary 3.7, we understand degree-n Severi–Brauer diagrams over E in this case. However, this action
is almost never trivial in practice. To deal with the scenario where the absolute Galois group does not act
trivially, we consider degree-n Severi–Brauer diagrams for E over the field F = k(E[n]) where E acquires
all of its n-torsion points. To relate these diagrams to Severi-Brauer diagrams of E over k, we consider the
restriction map res : H1(Gk, E[n](ks)) → H1(GF , E[n](F s))Gal(F/k).

4.1. The inflation-restriction sequence. The following proposition describes the image of the restriction
map in terms of certain Galois (Z/nZ× Z/nZ)-algebras over F .

This proposition is useful in two ways. First, if we are in a setting where the restriction map is an
injection (see Remark 4.2) then it allows us to characterizes degree-n Severi–Brauer diagrams of E over k
after base-changing to F = k(E[n]). Second, the proposition shows that if a field k does not admit Galois
extensions of a certain shape then there cannot exist non-split Severi–Brauer diagrams.

Proposition 4.1. Fix an integer n ≥ 3 which is not divisible by the characteristic of k. Set F = k(E[n]).
The image of the restriction map

resFk : H1(Gk, E[n](ks)) → H1(GF , E[n](F s))Gal(F/k)

is in bijection with the set of isomorphism classes of Galois (Z/nZ × Z/nZ)-algebras over F which are
naturally over k also Galois (Z/nZ× Z/nZ)⋊Gal(F/k)-algebras where Gal(F/k) acts on Z/nZ× Z/nZ by
an isomorphism Z/nZ× Z/nZ ∼= E[n](F ) of Gal(F/k)-modules.

Proof. Since GF acts trivially on E[n], we can realize H1(GF , E[n](F s)) as the set of isomorphism classes of
Galois (Z/nZ×Z/nZ)-algebras L over F via [KMRT98, (28.15) Example]. If t, s ∈ E[n](F ) is a Z/nZ-basis
for E[n](F ) and ζn ∈ F is a primitive nth root of unity, then this can be realized by the decomposition

H1(GF , E[n](F s)) ∼= H1(GF ,Z/nZ)⊕H1(GF ,Z/nZ) ∼= H1(GF , µn(F
s))⊕H1(GF , µn(F

s)).

The rightmost group corresponds to pairs (a, b) ∈ F×/F×n via Hilbert’s theorem 90. Associated to such
a pair (a, b) is a pair of field extensions Fa = F (a1/n) and Fb = F (b1/n) which are naturally summands of
Z/nZ-algebras La, Lb constructed as in the exposition of subsection 3.1. The tensor product La,b = La⊗F Lb
is then the (Z/nZ× Z/nZ)-algebra over F associated to the pair (a, b).

The action of Gal(F/k) by conjugation preserves such an algebra La,b/F if and only if La,b/k is also a
Gal(F/k)-algebra (which happens if and only if both Fa/k and Fb/k are Galois extensions of fields) and there
is an isomorphism Z/nZ×Z/nZ ∼= E[n](F ) of Gal(F/k)-modules which makes La,b/k a Galois G-algebra for
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a group extension G of Gal(F/k) by Z/nZ×Z/nZ. Such an algebra La,b/F is in the image of the restriction
map if and only if the transgression of L/F vanishes, i.e. if and only if G ∼= (Z/nZ×Z/nZ)⋊Gal(F/k). □

Remark 4.2. If the restriction map in Proposition 4.1 is injective, then one obtains a reasonably concrete
description of H1(Gk, E[n](ks)) as a subset of F×/F×n. We give two natural settings where this happens.

(1) If [F : k] and n are coprime then the restriction map is an isomorphism.
(2) If k = Q and n ≥ 13 is prime, then the restriction map is injective by [LW16, Theorem 1].

To give explicit examples of splitting of Severi–Brauer varieties, we first recall a characterization of abelian
tamely ramified extensions of complete discretely valued fields with finite residue field.

Lemma 4.3. Suppose K is a complete discrete valued field with finite residue field, k, of characteristic p.
Suppose L/K is an extension with ramification index e. Suppose further that (e, p) = 1.

Then L/K is abelian Galois if and only if |k| ≡ 1 (mod e) where |k| is the number of elements in k.
Equivalently, L/K is abelian Galois if and only if K contains a primitive eth root of unity.

Proof. See [Has80, Chapter 16, p. 251]. □

Theorem 4.4. Let n > 2 be an odd integer. Fix a prime number p such that p ̸= 2 and such that p does
not divide n. Let k/Qp be a p-adic number field containing a primitive nth root of unity. Assume also that
there is an elliptic curve E over k with full level n-structure.

Let L/k be a quadratic extension and write EL for the quadratic twist of E with respect to L. Then there
does not exist any nontrivial principal homogeneous space C for EL of period dividing n.

Proof. It suffices to assume that n is prime, possibly replacing n with a prime divisor of n. By Remark 2.4,
it also suffices to show that H1(Gk, EL[n](k

s)) = 0. The degree [L : k] is relatively prime to n and so the
restriction map induces an isomorphism

H1(Gk, EL[n](k
s)) → H1(GL, EL[n](L

s))Gal(L/k).

According to Proposition 4.1, a nontrivial element of H1(GL, EL[n](L
s))Gal(L/k) corresponds to a Galois

(Z/nZ× Z/nZ)⋊ Z/2Z-algebra F/k where Z/2Z acts on Z/nZ× Z/nZ as −1.
Contained in F is a Galois field extension K/k which has Gal(K/k) ∼= Dn the dihedral group of order 2n.

But this is impossible since every extension of order 2n is cyclic by Lemma 4.3. □

Using Theorem 4.4, we can produce examples in the spirit of those following [Sal21, Corollary 3].

Corollary 4.5. For any odd integer n > 2, there exist infinitely many primes p > 2 such that the following
conditions all hold simultaneously:

(1) the p-adic field Qp contains a primitive nth root of unity;
(2) over Qp there exists an elliptic curve E with full level-n structure;
(3) if A/Qp is a central simple algebra with ind(A) dividing n, then SB(A) is split by a principal homo-

geneous space for E;
(4) if A/Qp is a central simple algebra with ind(A) dividing n then, for any quadratic extension L/Qp,

there does not exist any principal homogeneous space for the quadratic twist EL which splits A.

Proof. Dirichlet’s theorem on arithmetic progressions implies that there are infinitely many primes such that
(1) is true. By Remark 3.17, we also know that (2) is true for all large primes p. Now since all central simple
algebras over Qp are cyclic, Corollary 3.9 implies (3) for all such curves E as in (2).

Finally, if L/Qp is a quadratic extension, EL the associated quadratic twist, and A/Qp a central simple
algebra of period dividing n, then there exists a principal homogeneous space for EL which splits A only if
there exists a nontrivial principal homogeneous space for EL of period divisible by a factor of n by Roquette’s
theorem [Roq66, Theorem 1]. But this is impossible by Theorem 4.4. □

Remark 4.6. For a fixed p-adic field satisfying (1) of Corollary 4.5, there will exist infinitely many curves
E satisfying (2) due to the ampleness of local fields. All such curves will also satisfy (3) and (4). Hence
one can produce both infinitely many p-adic fields and infinitely many curves for a given field as claimed in
Theorem D of the introduction.
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