
UNIVERSAL ADDITIVE CHERN CLASSES AND A GRR-TYPE THEOREM

EOIN MACKALL

Abstract. We construct a functor on the category of varieties over an arbitrary field which is an
initial object for additive Chern classes. We prove a Grothendieck-Riemann-Roch type theorem
between this functor and the associated graded ring of the γ-filtration on the Grothendieck ring of
locally free sheaves.

Conventions. In the following we say X is a variety to mean X is a scheme essentially of finite
type over a field, i.e. X can be realized as the inverse limit X = lim←−Xi of a direct system of schemes
Xi that are of finite type over a the same base field.

1. introduction

A natural starting point for the investigation of the structure of the Chow ring for a smooth
projective variety X is the structure of its Chern subring, the subring of the Chow ring generated
by all Chern classes of vector bundles on X. Often this can be accomplished by understanding
properties of the Grothendieck ring of X which is sometimes easier to compute.

This paper produces a functor which maps to any other functor having a suitable notion of
Chern classes with an additive first Chern class. There are obvious extensions to a number of
other situations (e.g. using a different formal group law in the definition, including an equivariant
structure, or changing coefficients) that are not pursued in this text.

The second section outlines the construction of the functor for a given variety X. In this section
we also prove a number of basic properties which are cohomological in nature. It should be noted
this functor does not form a cohomology theory in any natural sense because it typically lacks
pushforwards along a given finite morphism.

Section three reviews the relationship between the λ-ring structure on the Grothendieck ring and
operations on polynomials of Chern classes. This material is well-known but we use it frequently
in examples, appearing primarily in section four, and in the main theorem so it seemed fitting to
include it.

In section five we prove our main theorem. More precisely, we prove that there are natural maps
between our functor and the associated graded ring of the γ-filtration on the Grothendieck ring
which are multiplication by a certain integer after composition.

2. construction and fundamental properties

Fix a variety X over a field k. Let RX be the set of symbols {cBi (F)} varying over integers i ≥ 0
and over all vector bundles F on X. The algebra Z[RX ] generated by these symbols is naturally
graded with each cBi (F) in degree i.

We define an ideal IX ⊂ Z[RX ] having generators:

· cB0 (F)− 1 for all bundles F
· cBi (F) whenever i is greater than the rank of F
· cBi (G)−

∑i
j=0 c

B
i−j(F)cBj (E) for any short exact sequence 0→ E → G → F → 0
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· cB1 (L ⊗ L′)− cB1 (L)− cB1 (L′) for any pair of line bundles L,L′.
We denote by [cBi (F)] the class of cBi (F) in Z[RX ]/IX . Note that IX is a homogeneous ideal so
that the quotient is graded with a well-defined notion of degree.

For any other variety Y and morphism f : X → Y there is a natural morphism

f∗ : Z[RY ]/IY → Z[RX ]/IX

defined by f∗[cBi (F)] := [cBi (f∗F)].
We write PX for the directed set of maps to X made up of chains of projective bundles. By this

we mean PX is the set of sequences of maps

X ← P1 ← P2 ← · · ·
where P1 → X is a composition of projections from successive projective bundles, P2 → P1 is
likewise a chain of projective bundles over P1, and so on. One chain dominates another chain if
there is a commutative ladder with each vertical arrow a chain of projective bundles.

X P1 P2 · · ·

X Q1 Q2 · · ·

In the above diagram the bottom sequence, call it SQ, dominates the top, SP , and we would write
SQ ≥ SP . Any two chains have a chain that dominates them. To see this, let

X ← P1 ← P2 ← · · ·
X ← Q1 ← Q2 ← · · ·

be two such chains. Then by taking fiber products a third such chain that dominates the two given
is

X ← P1 ×X Q1 ← P2 ×P1×XQ1 Q2 ← · · · .
A chain P of chains of projective bundles

X ← P1 ← P2 ← · · ·
determines a directed system using the natural maps defined above

Z[RX ]/IX → Z[RP1 ]/IP1 → Z[RP2 ]/IP2 → · · · .
Denoting the limit of this directed system by Z[RP ] = lim−→Z[RPi ]/IPi , we get a directed system of

the Z[RP ] over all chains in the set PX .

Definition 2.1. We define a ring B(X) as the quotient

Z[RX ]/ker(fX)

where fX : Z[RX ]→ lim−→P∈PX Z[RP ] is the canonical map.

The following proposition can be considered the defining quality of the rings B(X) and it largely
motivated its definition. The proof of the proposition is straightforward and omitted.

Proposition 2.2. The rings given by B define a contravariant functor from the category of varieties
over k to the category of graded rings with pullbacks along a morphism f : X → Y defined by
f∗[cBi (F)] = [cBi (f∗F)]. There are natural transformations cBi : K(−) → Bi(−) defined by taking
the class of a vector bundle F to the class [cBi (F)]. Moreover, the functor B and these cBi satisfy
the universal property stated below.

Let A be any other contravariant functor from the category of varieties to the category of graded
rings which has a collection of natural transformations cAi : K(−) → Ai(−) for all i ≥ 0. Assume
A(X) and these cAi satisfy the following properties for every variety X:
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· cA0 (F) = 1 for all vector bundles F on X
· cAi (F) = 0 for all integers i > rk(F)

· cAi (G) =
∑i

j=0 c
A
i−j(F)cAj (E) for any short exact sequence 0→ E → G → F → 0

· cA1 (L ⊗ L′) = cA1 (L) + cA1 (L′) for any pair of line bundles L,L′
· For any projective bundle P → X, the pullback map A(X)→ A(P ) is injective.

Then there is a natural transformation bA : B(−) → A(−) which is completely determined by the
rule bA([cBi (F)]) = cAi (F).

Although B turns out not to be a cohomology theory, it does share a number of properties that
are typical of a cohomology theory. As an example of this, we’ll show that B could reasonably be
said to satisfy homotopy invariance, weak-localization, and continuity. Our main observation is the
following lemma.

Lemma 2.3. Let f : X → Y be a morphism of varieties such that f∗ : K(Y )→ K(X) is surjective.
Then f∗ : B(Y )→ B(X) is surjective.

Proof. It suffices to show each class [cBi (F)] is in the image of f∗ as F ranges over vector bundles
on X. Since the following diagram commutes for any i ≥ 0,

K(Y ) K(X)

B(Y ) B(X)

f∗

cBi cBi

f∗

the lemma follows from observing that there is a class x in K(Y ) mapping to F under f∗. �

Lemma 2.4. Assume either X is reduced and quasi-projective or smooth and separated. Then the
pullback π∗ : B(X)→ B(X × An) along the projection π : X × An → X is an isomorphism.

Proof. It suffices to treat the case n = 1. Letting σ : X → X × A1 be the zero section, the
composite π ◦ σ is the identity on X. By functorality σ∗ ◦ π∗ is the identity on B(X) and the map
π∗ is therefore injective.

To show surjectivity of π∗, we can apply Lemma 2.3 to π noting that, with the given assumptions
on X, the induced map K(X)→ K(X × A1) is surjective. �

Lemma 2.5. If i : U → X is the inclusion of an open subvariety U ⊂ X, then the restriction
i∗ : B(X)→ B(U) is surjective.

Proof. Immediate from Lemma 2.3. �

Lemma 2.6. Let x be a point of X. There are isomorphisms

lim−→
x∈U

B(U) = B(lim←−
x∈U

U) = B(Spec(OX,x))

where the limits are along Zariski open covers containing x.

Proof. Since all projective modules over a local ring are free, we haveK(Spec(OX,x)) = Z, generated
by the class of OX,x. Thus for every open U the canonical map K(U)→ K(Spec(OX,x)) is surjective
and the surjectivity of the canonical map

lim−→
x∈U

B(U)→ B(lim←−
x∈U

U)

follows by Lemma 2.3.
To show injectivity of this map, it suffices to show every Chern class of positive degree is trivial

over some open set around x. But this is true for every vector bundle on X so it is also true for
every Chern class. �
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3. Chern classes and λ-rings

The functor B defined in the previous section is closely determined by the λ-ring structure of
the Grothendieck ring. Since most of our examples depend on this relation, we provide reference
in this section. For further properties of the objects in this section one can consult the relevant
literature (c.f. [MR071, Expose 0], [Man69], or [FL85]).

We continue to work over a fixed field k. For any variety X over this field, the Grothendieck
ring K(X) is equipped with a canonical structure of a λ-ring. That is to say, there are natural
transformations λi : K(−)→ K(−) defined so that λi([F ]) = [Λi(F)] for a vector bundle F . These
natural transformations satisfy the following properties:

· λ0(x) = 1 for all x in K(X)
· λ1(x) = x for all x in K(X)

· λi(x+ y) =
∑i

j=0 λ
i−j(x)λj(y)

· λi(xy) = Pi(λ
1(x), ..., λi(x), λ1(y), ..., λi(y)) for certain universal polynomials Pi

· λi(λj(x)) = Pi,j(λ
1(x), ..., λij(x)) for certain universal polynomials Pi,j .

Remark 3.1. For any λ-ring R, there are well-defined Schur operations Sµ : R → R for any
partition µ = (µ1, ..., µn) defined by

Sµ(x) = det(λµi+j−i(x))1≤i,j≤n.

If ε ⊂ µ is another partition, one can define an operation Sµ/ε : R → R for the skew diagram µ/ε
as

Sµ/ε(x) =
∑
ν

cµε,νS
ν(x)

where cµε,ν is a Littlewood-Richardson coefficient. These operations satisfy the formula

Sµ/ε(x+ y) =
∑
ε⊂ν⊂µ

Sν/ε(x)Sµ/ν(y)

generalizing that for the λ-operations.

Example 3.2. Let Gr(m,n) be the Grassmannian of m-planes in an n-dimensional vector space.
Then K(Gr(m,n)) is additively generated by the classes Sµ(Q) where Q is the universal quotient
bundle on Gr(m,n) of rank n − m and µ ranges over partitions which fit inside a box of size
(n−m)×m.

One also has the γ-operations γi : K(−)→ K(−) defined by the formula

γi(x) = λi(x+ i− 1).

To define the γ-filtration on K(X) for a smooth variety X, one lets γ0 = K(X), γ1 = ker(rk)
where rk : K(X) → Z is the rank homomorphism, and γi is defined to be the ideal generated by
monomials γi1(x1) · · · γij (xj) where x1, ..., xj are elements of γ1 and i1 + · · ·+ ij ≥ i.

Denote by 1 + tB(X)[[t]] the set of invertible power series with coefficients in B(X).

Definition 3.3. The total Chern class is the homomorphism

cBt : K(X)→ 1 + tB(X)[[t]]

defined by cBt (x) = 1 + cB1 (x)t+ cB2 (x)t2 + · · · .

The total Chern class commutes with the pullbacks on K and B hence it defines a natural
transformation of some type. By composing with the universal homomorphism bA of Proposition
2.2 one also gets total Chern classes with values in A. When no confusion will arise, we will omit
the superscript B in the notation. We’ll show later (see Proposition 4.7) that whenever X has an
ample line bundle, the total Chern class is a polynomial.
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Lemma 3.4. For any vector bundles F ,G of ranks n,m respectively there are polynomials Qn,m,i
so that

ct(F ⊗ G) = 1 +
∑
i≥1

Qn,m,i(c1(F), ..., ci(F), c1(G), ..., ci(G))ti.

Proof. It suffices to work over a chain of projective bundles P where the classes of F ,G split into
a sum of line bundles in K(P ). If F = L1 + · · ·+ Ln and F = L′1 + · · ·+ L′m then

ct(F ⊗ G) =
∏

1≤i≤n,1≤j≤m
(1 + c1(Li) + c1(L′j)).

Since the latter is symmetric in the c1(L)’s and in the c1(L′)’s, the claim follows by choosing Qn,m,i
to be the homogeneous polynomial expressing the weight i part of this product as a polynomial of
in elementary symmetric polynomials in these variables. �

Example 3.5 (c.f. [Ful98, Example 3.2.2]). If F is a vector bundle of rank n and L is a line bundle
then

cj(F ⊗ L) =

j∑
i=0

(
n− i
j − i

)
ci(F)c1(L)j−i.

Equivalently,

ct(F ⊗ L) = ct(L)ncτ (F)

where τ = t/ct(L).

Example 3.6 (c.f. [Ful98, Remark 3.2.3 (a)]). If F is a vector bundle of rank n, then

cj(F∨) = (−1)jcj(F).

Lemma 3.7. For any vector bundle F , the Chern class cj(λ
i(F)) is a polynomial in the Chern

classes of F .

Proof. Let x = [F ]. Again we work over a chain of projective bundles P where x = x1 + · · · + xn
for the class of some invertible sheaves x1, ..., xn. Then

ct(Λ
jF) =

∏
i1<···<ij

(1 + c1(xi1) + · · ·+ c1(xij ))

is symmetric in the c1(xk)
′s which proves the claim. �

4. Examples

The main purpose of this section is to compute some examples to illustrate how one might go
about studying the functor B.

Example 4.1. B(Spec(k)) = Z.

Example 4.2. B(Pn) = Z[x]/(xn+1) where x = c1(O(1)). To see this, one observes K(X) is
generated as a ring by O(1) so that B(Pn) is generated by x because of Lemma 3.4. To get the
relation xn+1 = 0, one can apply the total Chern class to the Euler exact sequence

0→ OX → O(1)⊕n+1 → TPn → 0

and note the tangent bundle has vanishing (n + 1)th Chern class. It follows B(Pn) is a quotient
of Z[x]/(xn+1). To complete the proof, it’s sufficient to find a cohomology theory A such that
A(Pn) = Z[x]/(xn+1) (e.g. A = CH or A = grγK).
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Example 4.3. By Example 3.2, the Grothendieck ring K(Gr(n,m)) is generated by polynomi-
als in the λ-operations of the universal quotient bundle Q. By Lemma 3.7, this means the ring
B(Gr(m,n)) is generated by the Chern classes of Q, call them c1, ..., cn−m.

We get relations in B(Gr(m,n)) from the exact sequence of the universal sub and quotient
bundles

0→ S → O⊕nGr(m,n) → Q→ 0.

If m ≤ n − m, then from this exact sequence we find ct(S) = 1/ct(Q). Let tm+1, ..., tn be the
polynomials in the Chern classes of Q which are the coefficients of tm+1, ..., tn in the expansion
of 1/ct(Q) as a power series in t. If m > n − m, then let us rename c1, ..., cm to be the Chern
classes of S, which evidently also generate B(Gr(m,n)) due to the exact sequence above, and name
tn−m+1, ..., tn to be the coefficients of tn−m+1, ..., tn in the expansion of 1/ct(S) as a power series in
the variable t.

We claim that B(Gr(m,n)) = Z[c1, ..., cn−m]/(tm+1, ..., tn) if m ≤ n − m or B(Gr(m,n)) =
Z[c1, ..., cm]/(tn−m+1, ..., tn) if m > n − m. Indeed, to complete the proof it’s sufficient to find
a cohomology theory A such that A(Gr(n,m)) is the desired ring. Taking A = CH suffices (see
[EH16, Theorem 5.26]).

Example 4.4. Let X be a smooth projective curve. Then there is an isomorphism K(X) =
Z ⊕ Pic(X) and any class x in K(X) can be written x = rk(x) + det(x). It follows that B(X) is
generated by Z and the first Chern classes.

In fact, there is an isomorphism B(X) = Z⊕Pic(X). We’ve shown there is a natural surjection
from the right side of this equality to the left. And to show that this map is an injection, we
compose it with the map bCH : B(X)→ CH(X) = Z⊕ Pic(X).

A similar argument shows that B(X) ∼= CH(X) for a smooth projective surface X.

Knowing λ-ring generators for the Grothendieck ring of a variety X allows one to determine
generators for the ring B(X) using Lemma 3.7.

Definition 4.5. The level of a variety X, shorthand lev(X), is defined to be the minimal number
of elements that generate K(X) as a λ-ring. If no such number exists, the level is said to be infinite.

Example 4.6. If X = Pn or X = Gr(m,n) then lev(X) = 1.
For any sequence 0 = n0 < n1 < · · · < nk = n, let X(n0, ..., nk) be the variety of (n0, ..., nk)-flags

in a vector space of dimension n. Then lev(X(n0, ..., nk)) = k − 1. To see this, note that there are
k tautological vector bundles which generate the ring K(X) of ranks n1, ..., nk respectively with
one linear relation between them. Thus lev(X) ≤ k − 1. Conversely, lev(X) ≥ rkZPic(X) and the
latter of these equals k − 1 as well.

If X is a Severi-Brauer variety, then the level of X is determined by a sequence of indices of
tensor powers of the associated algebra of X, c.f. [KM18a, Lemma A.6].

We conclude this section by showing the total Chern class of any element of K(X) is a polynomial
if X has an ample line bundle.

Proposition 4.7. Suppose X is a variety with ample line bundle L. Then for any vector bundle
F on X, the Chern class ci(F) is nilpotent for all i ≥ 1. Moreover, for any element x in K(X),
the total Chern class ct(x) is a polynomial in t.

Proof. If F is globally generated, then there is a morphism f : X → Gr(m,n) for some m,n such
that f∗Q = F . Since the Chern classes of Q are nilpotent due to Example 4.3, the same statement
follows for this F .

In the general case, since X has an ample line bundle, there is some product F ⊗ L⊗n that is
globally generated. By Example 3.5 and induction, the jth Chern class of F can be written as
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a polynomial in the Chern classes of F ⊗ L⊗n and L⊗n. Since both of these latter bundles are
globally generated, their Chern classes are nilpotent and thus so are the Chern classes of F .

For the final statement, we write x = [F ]− [G] and observe for sufficiently large Chern classes of
x there are sufficiently large powers of the Chern classes of F or G involved. Eventually then these
terms must vanish. �

5. a GRR without denominators type theorem

In this final section, we show how one can relate B with another functor, grγK, which associates
to any variety X the associated graded ring of the γ-filtration on the Grothendieck ring K(X).
Recall grγK(−) is equipped with a collection of Chern classes cγi , in the spirit of Proposition 2.2,

determined by the rule cγi (F) = γi(rk(F) − [F∨]) for any vector bundle F . Our main theorem is
the following:

Theorem 5.1. Let X be a variety and write

biγ : Bi(X)→ griγK(X)

for the ith summand of the canonical morphism of Proposition 2.2 applied to (grγK, c
γ
i ). Then the

Chern classes cBi induce well-defined maps

cBi : griγK(X)→ Bi(X)

such that the compositions are both multiplication by (−1)i(i− 1)!,

cBi ◦ biγ = (−1)i(i− 1)! and biγ ◦ cBi = (−1)i(i− 1)!.

The proof can be reduced to an essentially combinatorial argument. We present the main com-
putations as two separate lemmas below.

Remark 5.2. Theorem 5.1 recovers the standard Grothendieck-Riemann-Roch theorem without
denominators (see [FL85, Example 15.2.16] for one version of this theorem) for smooth varieties
X with CH(X) generated by Chern classes. To see this, denote by G(X) the Grothendieck ring
of coherent sheaves on X and denote by grτG(X) the associated graded ring of the coniveau (or
topological) filtration on G(X).

There is a canonical map grγK(X) → grτG(X) given by comparing the γ and coniveau filtra-
tions. When CH(X) is generated by Chern classes, this comparison morphism is an isomorphism,
see [KM18b, Proposition 3.3]. To show that the Grothendieck-Riemann-Roch theorem without
denominators holds in this case, one observes the following square

Bi(X) CHi(X)

griγK(X) griτG(X)

biCH

biγcBi

is commutative – in more than one way – where the arrow CHi(X) → griτG(X) is the canonical
epimorphism from the Chow ring to the associated graded ring of the coniveau filtration and the
arrow griτG(X) → CHi(X) can be defined by going around the outside of the square. This latter
map coincides with the usual Chern class map and composition in either direction is multiplication
by (−1)i(i− 1)! by Theorem 5.1.
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Lemma 5.3. Let L1, ...,Li+1 be i + 1 line bundles on some variety P which can be realized as a
chain of projective bundles over X. Then

cBk

i+1∏
j=1

(Lj − 1)

 = 0

inside of B(P ) for all k ≤ i.

Proof. We proceed by induction on the length of the product i+ 1. For our base case, we observe
that

cB1 ((L1−1)(L2−1)) = cB1 (L1⊗L2−L1−L2 +1) = cB1 (L1)+cB1 (L2)−cB1 (L2)−cB1 (L1)+cB1 (1) = 0.

For our induction hypothesis, we assume the Chern class cBk of any product of such elements of

length i vanishes for all k ≤ i− 1. Let
∏i
j=1(Lj − 1) = [F ]− [G]. Then

cBt

i+1∏
j=1

(Lj − 1)

 = cBt ((F − G)(Li+1 − 1))

=
cBt (F ⊗ Li+1)

cBt (G ⊗ Li+1)cBt (F − G)

=
cBτ (F)

cBτ (G)cBt (F − G)
(using τ = t

1+cB1 (Li+1)t
, c.f. Example 3.5)

=
cBτ (F − G)

cBt (F − G)

=
1 + ci(F − G)τ i + ci+1(F − G)τ i+1 + · · ·
1 + ci(F − G)ti + ci+1(F − G)ti+1 + · · ·

(by induction hypothesis)

= 1− ici(F − G)c1(Li+1)t
i+1 + · · · .

�

Lemma 5.4. Let L1, ...,Li be i line bundles on some variety P which can be realized as a chain of
projective bundles over X. Then

cBi

 i∏
j=1

(Lj − 1)

 = (−1)i(i− 1)!
i∏

j=1

cB1 (Lj)

inside of B(P ).

Proof. Expanding the Chern class ci(F −G) in the last expression in the proof of Lemma 5.3 gives
the result. �

Proof of Theorem 5.1. Let x be an element of γi, the ith piece of the γ-filtration on K(X). The
proof will be complete if we can show there is a variety P which can be realized as a chain of
projective bundles over X such that the pullback of x to K(P ) can be written as a sum or difference
of monomials of the form (L1 − 1) · · · (Lj − 1) with j ≥ i. Indeed, assuming this is the case, there
is a commuting square

γi K(P )

Bi(X) Bi(P )

cBi cBi
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where the horizontal pullback morphisms are injections. We find

cBt (x) = cBt

 k∑
m=0

± nm∏
j=1

(Lmj − 1)

 =

k∏
m=0

cBt (

nm∏
j=1

(Lmj − 1))±1.

The latter factors vanish whenever nm > i by Lemma 5.3 while the latter factors are equal

1 + (−1)i(i− 1)!

± nm∏
j=1

cB1 (Lmj )

 ti + · · ·

whenever nm = i by Lemma 5.4. Since

biγ(cB1 (Lj)) = biγ(−cB1 (L∨j )) = −biγ(cB1 (L|∨)) = Lj − 1,

where we use Example 3.6 for the first equality, the proof is completed once we can show our
starting assumption.

To do this, we start by writing

x =
k∑

m=0

± nm∏
j=1

γmj (xmj )


for some elements xmj in γ1. Note that we can focus on a single monomial since if we prove
a monomial can be written in the desired way then the same follows for the sum. So assume
x = γn1(x1) · · · γnj (xj) for some n1 + · · ·+ nj ≥ i. Each xk, belonging to γ1, can be written as

xk = [F ]− [G] = [F ]− rk(F)− ([G]− rk(G))

for some F ,G that depend on k.
Now there is a variety P which can be realized as a chain of projective bundles over X such that

each of the F ,G’s can be written

xk = [F ]− rk(F)− ([G]− rk(G)) = (L1 + · · ·+ Ln − n)− (L′1 + · · ·+ L′n − n)

with the (L)’s and (L′)’s depending on k still. Another way to say this is that we can find such a
P so that for every k we have an expression like

xk = (L1 − 1) + · · ·+ (Ln − 1)− (L′1 − 1)− · · · − (L′n − 1).

Finally, applying the operation γt =
∑

j≥0 γ
jtj we find

γt(xk) = γt

 n∑
j=1

(Lj − 1)−
n∑
j=1

(L′ − 1)


=
γt

(∑n
j=1(Lj − 1)

)
γt

(∑n
j=1(L′ − 1)

)
=

∑
j≥0 σjt

j∑
j≥0 σ

′
jt
j

where σj is the jth elementary symmetric polynomial in the variables (L1 − 1), ..., (Ln − 1) and
similarly for σ′j with (L′1−1), ..., (L′n−1). Expanding this series in t we find γmk(xk) is a polynomial,

homogeneous and symmetric in variables like (L−1), of degree mk. This completes the proof since
we’ve shown there is a variety P which can be realized as a chain of projective bundles over X such
that x can be written in the desired form. �
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